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We show that for any k-connected graph having cocircumference ¢*, there is a cycle which
intersects every cocycle of size ¢ — k + 2 or greater. We use this to show that in a 2-
connected graph, there is a family of at most ¢* cycles for which each edge of the graph
belongs to at least two cycles in the family. This settles a question raised by Oxley.

A certain result known for cycles and cocycles in graphs is extended to matroids. It
is shown that for a k-connected regular matroid having circumference ¢>2k if C; and C>
are disjoint circuits satisfying r(C1)+7(C2) =7(C1UCs), then |C1|+|C2|<2(c—k+1).

1. Introduction

The circumference of a graph (resp. matroid) is defined to be the size of its
largest cycle (resp. circuit) and the cocircumference is the size of its largest
cocycle (resp. cocircuit). We denote the circumference of a graph G (resp.
matroid M) by ¢(G) (resp. ¢(M)) and we denote the cocircumference by
c*(GQ) (resp. ¢*(M)). A matroid is connected if for any two of its elements
there is a circuit which contains them. In 1991, Thomas posed the prob-
lem: does every sufficiently large connected matroid have a large circuit or
cocircuit? Lovasz, Schrijver, and Seymour answered this question in the af-
firmative by showing that if M is a connected matroid with circumference ¢
and cocircumference c*, then |e(M)|<2°T¢ =1, The bound was subsequently
greatly improved in [8] for graphs, where is was shown that if G is a loop-
less 2-connected graph with circumference ¢ and cocircumference ¢*, then
|E(G)| < cc*. Recently, Lemos and Oxley [1] showed that this bound holds
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not only for graphs but for connected matroids in general. They showed that
if M is a connected matroid with at least 2 elements and M has circumfer-
ence ¢ and cocircumference c*, then |E(M)|< Lec*.

Assuming that one could cover the elements of a matroid M with at most
c*(M) circuits so that each element was covered at least twice, we would
have the bound 2|e(M)| < cc*, or |e(M)| < ec*. In light of this, Oxley [4]
posed the following conjecture:

Conjecture 1.1. For any connected matroid M with at least 2 elements,
one can find a collection of at most ¢*(M) circuits which cover each element
of M at least twice.

In [3], Neumann-Lara et al showed that the above conjecture holds for
cographic matroids. They use the following lemma which appears in Wu [8].
Following standard graph theory terminology, we shall use the term bond
here to mean a cocycle.

Lemma 1.1. Let G be a 2-connected graph. Then there is a bond which
intersects every cycle of length ¢ or ¢—1.

We shall prove a corresponding result for cographic matroids, namely:

Theorem 1.1. Let GG be a k-connected graph where k>2. Then there is a
cycle which intersects every bond of size ¢* —k+2 or greater.

We shall make use of an old theorem of Tutte [7]:

Theorem 1.2. Let M be a connected matroid and let e € e(M). Then either
M\e or M/e is connected.

With the aid of Theorems 1.1 and 1.2, we shall give an affirmative answer
to Oxley’s conjecture for graphic matroids. We shall prove the following;:

Theorem 1.3. For a 2-connected graph G, there is a collection of at most
c*(Q) cycles which cover each edge of G at least twice.

In the last section, we focus on matroids and prove the result described
in the abstract.
2. Maximum Cycles and Bonds in a Graph

In this section, we shall prove a result about disjoint bonds in a graph. The
following is a known result for graphs (see Wu [8]):
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Lemma 2.1. Let G be a 2-connected graph with circumference c. Let Cy
be a cycle of length c. If Cy is any other cycle of length at least ¢—1, then
|V(Cl) ﬂV(CQ)| >2.

The next result is an analogue of the above lemma for bonds, which
applies to k-connected graphs. For subsets X and Y of vertices, we denote
the set of edges with one end in X and the other end in Y by [X,Y]. We
shall denote the complement of X by X.

Lemma 2.2. Let G be a k-connected graph and let By =[X,X] and By =
[Z,Z] be two disjoint bonds of G where G[XNZ] is connected and XNZ =.
Then |By|+|B2|<2(c* —k+1).

Proof. Let Y =XNZ. Since G is k-connected, there are k internally vertex-
disjoint paths P,..., P, between X and Z (which we assume only meet X
and Z at their endpoints). Because By and Bj are disjoint, G has no edges
with one end in X and the other in Z. For i =1,...,k, let ); be the path
which is the portion of P; restricted to G[Y]. Since G[Y] is connected, it has
a spanning tree 1" which contains the paths Q;, i=1,...,k. We can partition
V(T) into k subsets Yi,...,Y; where G[Y;] is connected and @; C G[Y;].
Since T is a tree, there are exactly k—1 edges of T" which connect the sets
Yy,...,Y,. Let E' be the set of these edges. Since T is bipartite, we can find
a subset S C {1,...,k} such that each edge of E’ joins a vertex of Y; to a
vertex of Y; for some i in S, and some j in S. Let

By = [X U(UiesYi), Z U (U;5Yi)]

Bj = [X U (U;gY5), Z U (UiesY)].

By the choice of Y7, ..., Y} and the fact that G[X| and G[Y] are connected,
one sees that B{ and Bj are both bonds of G. Furthermore, Bf U By =
BiUByUE'.

It follows that

2¢" > |By| + |By| = |Bi| + | Ba| + 2| E|
= |Bi| + |B2| + 2(k — 1).
So |By|+|Ba| <2(c* —k+1). |

It would seem plausible that a dual result for Lemma 2.2 holds for circuits.
In [2] we prove that:

Theorem 2.1. For a k-connected graph G (k > 2) having circumference
¢ > 2k, for any pair of cycles C1 and Cy which intersect in at most one
vertex, it holds that |V (Cy)|+ |V (C2)|<2(c—k+1).
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In the last section, we shall show that Lemma 2.2 and 2.1 can be unified
into one result for regular matroids (Theorem 5.3). Theorem 2.1 implies
(see [2]):

Theorem 2.2. For any k-connected graph G (k>2) having circumference
c¢>2k, there is a bond B which intersects every cycle of length ¢c—k+2 or
greater.

3. A Cycle Intersecting Bonds

In this section, we shall show that, for any k-connected graph G (k>2) with
cocircumference c*, there is a cycle intersecting every bond of size ¢* — k42
or greater.

Proof of Theorem 1.1. Let C be a cycle which intersects the greatest
number of bonds of size at least ¢ —k+2. Suppose C; does not intersect a
bond Bj of size at least ¢* —k+2. Let By =[X1,Y7] where X;UY; =V(G).
We can assume that V(C7) CY;. Then X is contained in a component K of
G\V(C1). Let v1,v2,...,v,4 be the neighbours of K lying on C, enumerated
in order as they occur along C|.

Claim 3.1. For some t, 1 <t <gq, there are vertices v; and vy (vq+1 =)
having neighbours v; and vy, in K such that there is a path P from v; to
Vi1 in GIK U{vy, 041, 040), v4410;, 1 }] Intersecting By.

Proof of claim. If ¢ is as in the claim, then we shall say that it is good.
Suppose first that among the vertices v1,...,v, there are vertices which are
neighbours of X;. If K =G[X;], then the claim is easily seen to hold. So we
may assume that K # G[X;]. Since B; is a bond, G[X1] is connected and
consequently there is at least one vertex among v1,...,v, which is a neigh-
bour of K\X;. Thus there is a ¢, 1 <t < g, where either v; € Ng(K\X1)
and vi41 € Ng(X1), or v € Ng(K\X1) and v € Ng(X1). Let v; and
v, be neighbours of v; and v, in K, respectively, where v; and vj,
are separated by the edges [X1,V(K)\X1] in K. Since K is connected,
there is a path P’ from v; to v;,; in K and such a path must intersect
[X1,V(K)\X1]. Then vv;Pvi, v41 is a path which intersects Bj. In this
case, t is good.

We may assume that none of the vertices vy,...,v, are neighbours of Xj.
Let Z =V (K)\X;. Since G is 2-connected, there are 2 internally vertex-
disjoint paths P; and P from X; to Cy. Let v, and v, be the terminal
vertices of P; and P, respectively on C. We may assume that t; <to. We
shall show by induction on to —¢; that there is a good ¢t where t1 <t <t,.
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If to —t; = 1, that is, to = t; + 1, then t; is good, since we can find a
path P3 C G[X;] between terminal vertices of P; and P, in Xj, and it
follows that P, U P, U Ps is a path from vy, to vy, intersecting B;. Thus
the hypothesis holds for to —¢; = 1. Assume the hypothesis holds for
ty—1, <T.

Suppose ty—t; =T+1, T>1. Consider vy, 1. Let v}, | be a neighbour of
V4,41 in K. Suppose there is a path in G[KU{vs, 11,4410}, (1}] from vy, 41
to Py, which avoids V(P;)NZ. In this case, it is easily seen that ¢; is good.
If this is not the case, then there is a path in G[KU{v, 1,04 1194, 11}] from
vt,+1 to P; which avoids V(P2)NZ. In this case, we can find two internally
vertex-disjoint paths from X; to C' which terminate at v, 41 and vy,. Now
to — (t1 +1) = T. By the inductive assumption, there is a good t where
t1+1<t<ty. Thus the hypothesis holds for to —t; =T + 1. The claim now
follows by induction. |

By the above claim, there are vertices v; and vyy; having neighbours v},
and vy41, respectively, in K, and a path P in G[KU{vs, vi41,00}, V41041 }]
which intersects Bj. Let Cy = Cy[vir1,v¢] U P, where Cifvgy1,v¢] denotes
the path along C) between v.y1 and v;. The cycle Cy intersects Bj. By the
maximality of Cy, there is a bond By =[X2, Y3] of size at least ¢*—k+2 which
(4 intersects but Cy does not. We can assume that V(Cy) C Y;. Since C
intersects Bg, we have that X, contains some vertices of Ct[vg,veq1]. Since
G[X3] is connected and no vertices of Cy[vy,vr41], apart from v, and vy,
have neighbours in K, we conclude that XoNV (K)=0, (hence X;NXs=10)
and moreover, By N By=10).

We claim that G[Y; NY3] is connected. Let P’ be the path Ct[ve1,v]-
We have that P’ C G[Y1 NY3]. Suppose G[Y1 NY3] has at least two com-
ponents: let K1 and K5 be two of these components where P’ C K. If
K #G[X1], then each component of G[K\X;| has vertices which are neigh-
bours of vertices in P’ (since G[Y1] is connected). Thus K\X; C K;. This
means in particular that no vertex of K\Xj is adjacent to vertices in Kj.
The vertices of Ng(X1) can only belong K\X; or P’. Thus X; can only
be adjacent to vertices of K;. We note that since Bs is a bond, G[Ys] is
connected, and hence every component of G[Y; NY3] must be adjacent to
vertices in Y2\Y; C X;. However, no vertex of K, is adjacent to vertices
of X;. This yields a contradiction. We conclude that G[Y; NY3] is con-
nected.

We have that | By |+ Ba| <2(c*—k+1) by Lemma 2.2. However, | By |+ Ba| >
2(c* —k+2), yielding a contradiction. We conclude that C; must intersect
every bond of size at least ¢* —k+2. |
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4. Covering Edges With At Most c* Cycles

In this section, we shall use Theorem 1.1 to verify Conjecture 1.1 for co-
graphic matroids (see also [4], Question 3.13).

Proof of Theorem 1.3. By induction on |V(G)|. If |[V(G)|=2, then G is
a 2-cycle, and the theorem clearly holds. We suppose that |V(G)| >2 and
the theorem holds for all 2-connected graphs with fewer vertices than G. We
can assume that G is not a cycle and moreover, we may assume the theorem
holds for any 2-connected graph with the same number of vertices as G but
fewer edges. If G has vertex of degree 2, then we can delete it, and add an
edge between its neighbours. Such a graph has cocircumference ¢* and has a
collection of at most ¢* cycles covering each of its edges at least twice. Such
a collection can easily be extended to the desired collection of cycles for G.
So we may assume that G has no vertices of degree 2.

Suppose first that G is 3-connected. Then by Theorem 1.1, there is a
cycle C' for which C' intersects every bond with ¢* or ¢*—1 edges. By Tutte’s
theorem (Theorem 1.2) we can partition the edges of C' as E(C)=AUB,
such that G’ =(G\A)/B is 2-connected. Now it is seen that ¢*(G’) <c*—2
since C intersects every bond of G with ¢* or ¢* —1 elements. Furthermore,
|[E(G")| < |E(G)]. Thus by the inductive assumption, there is a family F’
of at most ¢*(G’) cycles of G’ which cover each edge of G’ at least twice.
For each cycle K’ € F' let K be a cycle of G such that (K\A)/B=K'. Let
F={K|K'eF'}. Then FU{C,C} is a family of cycles which covers the edges
of G at least twice, and such a family has at most ¢*(G')+2<c*—2+42=c*
cycles. This shows that the theorem holds for G.

We suppose that G is not 3-connected. Suppose G has a 2-vertex cut,
say {z,y} which separates 2 graphs G; and Gy where G1UG2=G, V(G1)N
V(Ge) ={x,y}, and |V(G;)| >4, i=1,2. Let (3;, i=1,2 be the size of the
largest bond in G; which separates x and y. It can be shown that for any
bond B of G where B C E(G;) it holds that |B|<20;. Let f=min{f1, 02}
We have that (81 + (2 <c*, and consequently, 25 <c*. For i=1,2 we create a
graph G’ by adding a vertex v; to G; together with § edges from v; to each
of x and y. We may assume that 3= ;. Then ¢*(G})=20, and ¢*(G5) <c*.
We have that G/ is 2-connected and |V (G})| <|V(G)|. Thus by assumption,
there are ¢; < ¢*(G)) =20 cycles of G}, say C11,C12,...,C1q, which cover
each edge of G at least twice. In fact, ¢y =20, since v; has degree 23 in G,
and each of the cycles Cy1,C12,...,C1y, contain v;. Furthermore, there are
g2 < ¢*(Gh) < c¢* cycles of GY which cover its edges at least twice. We have
that g1 =208 < go. We may assume that the cycles Cy;, j=1,...,¢1 contain
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v, and for i=1,2 exactly p;, i=1,2 of the cycles Cj1,...,Cjy, are 2-cycles. In
addition, given p; >1, we may assume these cycles are Cj(g, —p,41);--,Cig; -

Suppose pa <p1. For j=1,...,q1 —p1, let C;=(C1;\{v1})U(Co;\{v2}). If
p2 <pi, then for j=q1 —p1+1,...,q1 —p2, let Cj =(Cy;\{v2})UP where P
is an arbitrarily chosen path from x to y in G1. If g2 > ¢q, then let C;=Cy;,
for j=q1+1,...,q2. If g1 =q2, then {C1,...,Cq,—p,} is a set of at most ¢* —po
cycles covering the edges of G at least twice. Otherwise, if ¢; < g2, then
{C1,....Cq1—ps:Cqi41,...,Cy } is a set of at most ¢* —py cycles covering the
edges of G at least twice.

Suppose p1 <psz. For j=1,...,q1—p2 let Cj=(C1;\{v1})U(Ca;\{v2}). For
J=q—p2+1,...,q1 —p1, let C;=(C1;\{v1})UP where P is an arbitrarily
chosen path in G from x to y. If g2 > q1, let C; =Cy; for j=q1+1,...,g2. Then
{C1,...,C1—p1,Cqr41,--.,Cg } is a collection of at most ¢* —p; cycles which
cover the edges of G at least twice. Otherwise, if g2 =q1, then {C1,...,Cq,—p, }
is a collection of at most ¢* —p; cycles which cover the edges of G at least
twice.

We may henceforth assume that there are no such 2-cuts separating 2
vertices on each side. Create a graph G’ from G in the following way: if v
is a vertex in G with exactly 2 neighbours, say = and y, where there are 5;
edges between v and x and 2 edges between v and y, then delete v and
add f=max{f1,02} edges between x and y. We have that ¢*(G’) < c¢*(G).
If G’ has just 2 or 3 vertices, then there is a cycle containing all vertices,
and consequently this cycle would intersect all bonds of length ¢*(G’) or
¢*(G') — 1. On the other hand, if G’ has more than 3 vertices, then it is
3-connected, and hence by Theorem 1.3, there is a cycle C’ of G’ which
intersects every bond of size ¢*(G’) or ¢*(G’)—1. In either case, we see that
there is such a cycle C”.

Let C be a cycle of G corresponding to C’. If C intersects every bond
of G with ¢* or ¢ —1 edges, then we can proceed as in the case when G
was 3-connected. Thus we can assume that there is a bond B; in G of size
at least ¢* —1 which C' does not intersect. Such a bond must consist of the
edges incident with a vertex, say v, where v € V(G)\V(G’). This means
that v has exactly 2 neighbours, say v; and wve. Let D be a cycle of G
containing vy, v9, and v. We may assume that D is a largest such cycle and
D does not intersect all bonds of size at least ¢* — 1. Thus there is a bond
By =[X,X] where |By|>c*—1, which D does not intersect. We may assume
V(D)C X. Now G(X\{v}) is connected since it contains the path D\{z,y}
between z and y. Thus by Lemma 2.2, |B;|+|Bz| <2¢*—2. This means that
|Bi| = |Ba| = ¢* — 1. Thus |B;|+ |Bs| = 2¢* — 2 and, upon examination of
the proof of Lemma 2.2, we have that G(X\{v}) does not contain two edge-
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disjoint paths between vy and vy. Thus there is a cut-edge e=vjvh € E(D) in
G(X\{v}). The graph G(X\{v})\{e} contains 2 components, say K; and K>
where {v1,v]} C V(K1) and {ve,v4} C V(K3). Suppose that any path from
v to X must contain v] or v5. Then {v],v5} is a 2-vertex cut separating v
and X. In this case, we could find a cycle D' = (D\{e})UQ where Q is a
path between v] and v4 intersecting X. Such a cycle contains v, vy, and vo
and is longer than D. This would contradict the choice of D. Thus {v],v5}
can not be a 2-vertex cut, and there is a path P from v to X which does
not contain vj or v. We can assume that v; € V(P). Let P; be the path
representing the portion of P in K;. We can divide the vertices of K into
2 connected subgraphs K71 and K5 where Py C K17 and v} € V(K12). By
elementary counting arguments one deduces that |[V (K;),V(K;)]| = c*, for
i=1,2. Now for the bond B'=[V(K3)UV (K12),V(K2)UV(Ki2)] we have
that

|B'| = ¢* =1+ |[V(K12), V(Ki2)]| — 1

= C>I< + ’[V(Klg), V(Klg)” — 2.

Then |[V (K12),V (K12)]| =2. By assumption, this means that V (K12)={v},
and dg(v]) =2. However, G is assumed to contain no vertices of degree 2.
This concludes the proof of the theorem. |

5. Extensions To Matroids

The results given in the previous sections lead one to suspect that they have
their counterparts in matroids. We present here some results representing
extensions of previous results to matroids. To begin with, we briefly define
some terminology to be used in this section, and refer the reader to [6] for
further reference.

A matroid is binary if it is representable over GF(2), and it is regular if
it is representable over every field. Let M be matroid and let k be a positive
integer. A partition (X,Y") of E(M) is a k-separation if

(i) min{|X|,[Y[} =k
(ii) #(X)+r(Y)—r(M)<k—1.

The connectivity A(M) of M is defined to be the smallest k& such that M
has a k-separation, if such separations exist, and is defined to be oo other-
wise. For k>2, M is said to be k-connected if A(M)> k. One consequence of
this definition is that if a matroid M is k-connected and |E(M)|>2(k—1),
then all circuits and cocircuits have size at least k. Given the conclusions of
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Lemma 2.2 and Theorem 2.1, we venture the following conjecture for binary
matroids:

Conjecture 5.1. Let M be a k-connected binary matroid (k> 2) having
circumference ¢ > 2k. Let C and Cs be two disjoint circuits of M where
r(C1UC)=r(C1)+r(Cy). Then |Cy|+|Co| <2(c—k+1).

By Lemma 2.2 and Theorem 2.1, the above conjecture is seen to hold for
graphic and cographic matroids. Our aim is to show that the conjecture holds
for regular matroids, and to this end we exploit a well-known theorem of
Seymour pertaining to the decomposition of regular matroids (see Oxley [6]):

Theorem 5.1. Every regular matroid M can be constructed by means of
direct sums, 2-sums, and 3-sums starting with matroids each of which is
isomorphic to a minor of M and each of which is either graphic, cographic,
or isomorphic to Rig.

The above theorem implies that any 4-connected regular matroid is either
graphic, cographic, or isomorphic to Rig. For Rjg, each circuit has length
at least 4. So if C7 and Cy are disjoint circuits satisfying r(Cy) +r(Cq) =
r(C1UCy), then r(C1UCy) >3+3=6. However, r(R19)=>5. This means that
the above conjecture is vacuously true for Rjy. Thus if we can show that the
conjecture holds for 2- and 3-connected binary matroids, then it is true for
regular matroids.

Lemma 5.1. Let X; and Xo be disjoint subsets of a matroid M where
r(X1)+7r(X2) =r(X1UXs). Then for any circuit C where C' C X; U Xy, it
holds that C' C Xy, or C'C X5.

Proof. Since 7(X;) +r(X2) = r(X1 U X3), the restriction M|(X; U X>) is
the direct sum of M|X; and M|Xs. As such, no circuit of M contained in
X71UX5 meets both My and M. ]

The following corollary is an immediate consequence of the above lemma:

Corollary 5.1. Let C and Cy be disjoint circuits in a matroid M satisfying
r(Ch)+r(Ce)=r(C1UCy). If C is a circuit where C C C1UC4, then C'=C}
or C=0Ch.

We shall first establish the truth of Conjecture 5.1 for 2-connected binary
matroids. For sets X and Y, we let XAY denote the symmetric difference
of these sets.
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Lemma 5.2. Let M be a connected binary matroid and let Cy and C5 be
two disjoint circuits where r(C1)+r(Cy) =r(C1UCy). Let C be a circuit
intersecting both Cy and Cy for which |C\(CqUC3)| is minimum. Then
CACy, CACy, and CACLACy are circuits.

Proof. Suppose that CAC] is not a circuit. Let e CNCy and feCNCsy.
There is a circuit C3 C CUC—e containing f. It is seen that CNC; #0, and as
such Cj5 intersects both C and Cs. By choice of C', we have |C\(C1UC3)|=
|C3\(C1UCs)| and C\(C1UCy) =C5\(C1UCy). Since CACs #0(, there is a
circuit C4 CCAC3CC1UCy. By Corollary 5.1, we have that either Cy=CY,
or Cy=Cj5. Since clearly neither of these two options is possible, we conclude

that CACT must be a circuit. Using similar arguments, one can show that
CACy and CACLACy are also circuits. ]

For subsets X7 and X5 of a matroid M we call a circuit C which inter-
sects both X; and X an (X1, Xg)-circuit. We say that C' is minimum if
|C\ (X7 UX>3)| is minimum amongst all (X7, Xs)-circuits. The next lemma
demonstrates that Conjecture 5.1 is true for 2-connected binary matroids.

Lemma 5.3. Let M be a connected binary matroid with circumference c,
and let Cy and Cy be disjoint circuits where r(C1)+r(C2) =r(C1UC%). Then
|C1]+]C2[ <2(c—1).

Proof. Let C be a minimum (C1, Cy)-circuit. Then by Corollary 5.1, |C\C1U
C3|>1. By Lemma 5.2 both CAC, and CACs are circuits. Thus we obtain

2c > [CAC] + |CAC,| = |C1] 4 |Ca| +2|C\(C1 U Cy)l.
Hence
|C1] + |Co| < 2¢ —2|C\(CL U Cy)| < 2¢—2=2(c—1).
This proves the lemma. |
We shall now prove Conjecture 5.1 for 3-connected binary matroids.

Theorem 5.2. Let M be a 3-connected binary matroid with circumference
c. Let Cy and Cy be disjoint circuits where r(C1)+r(Cy)=r(C1UC3). Then
|Cy 4 |Ca| <2(c—2).

Proof. Let C be a minimum (C7, Cs)-circuit. As in the proof of Lemma 5.3,
we obtain that |C1]|+ |C2| <2¢—2|C\(C1UCy)|. If |C\(C1UCs)|> 2, then
|C1|+|C2| <2¢—4, and we are done. Thus for any minimum (C, Cy)-circuit
C' we may assume that |C\(C1UCy)|=1.
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Suppose for z € E(M)\C1UC there is a minimum (C,Cy)-circuit, say C,
containing it. We have that C\C; UCy={z}, and furthermore it is not too
difficult to show that any minimum (C4,C2)-circuit containing z must be
one of the circuits C,CAC1,CACs, or CACLAC,. We shall refer to these
circuits as x-circuits.

Suppose for e, f € E(M)\(CyUCs) there are e- and f-circuits, C, and
C respectively. Suppose C1 N (C.ACy) #0,C1 and CoN (C.ACY) # 0,Cs.
Then C1,Cy £ C1AC.ACy and C1AC.AC} contains no e- or f-circuits.
Now C1AC.AC) contains a (C4,Cy)-circuit, say C. Since C' is not an e-
or f-circuit, it follows that {e,f} C C. Thus CA(CiAC.AC) € C1UCs.
Now if CA(C1AC.AC})#0, then it contains a (C1,Cy)-circuit C’, thus by
Corollary 5.1 it holds that either C' = Cy, or ¢’ = C5. This is impossible
since C1,Cy £ C1AC.ACy. We conclude that C'=C1AC.ACY is a circuit.
Similarly, it can also be shown that Co AC.ACY is a circuit. In this case we
obtain

‘Cl| + ‘02| +4 = \ClACeAC’f\ + ‘CQACEACJ"‘ < 2c.

Hence |C1|+|Ca| <2(c—2).

Suppose C1N(C.ACY) is either empty or equal to Cq, and CoN(C.ACY)
is either empty or equal to Cy. Then C1ACYAC.AC) equals {e, f},C U
{e,f},CoU{e, f}, or C1UCU{e, f}. In either of the cases, one can show
that {e, f} is a circuit, contradicting the 3-connectedness of M.

In light of the above, we may assume that Cy N (C.ACY) # 0,C1 and
Con(C.ACY) is empty or equals Cy. If CoN(CeACE) =0, let Cep=C.ACY.
Otherwise, if CoN(C.AC)=Cy, then let Cop=C.ACACs. In either case,
Cer CC1U{e, f} and C.y is a circuit containing e and f. Moreover, C1 AC,;
is also a circuit (containing e and f). Thus for any x € Cq, (C—z)U{e, f}
contains a circuit containing e and f.

Suppose for some g€ E(M)\(C1UC3U{e, f}) there is a g-circuit, say Cj.
Suppose that C1 N (C.ACy) is either empty or equals C;. Then, as with
C. and Cf, we may assume that Cy N (C.ACy) # 0,Cs. In this case, we
deduce that C1N(CyACy)#0,C1 and CoN(CrACy) #D,Cs. As before, one
can show that C1AC;AC,; and CoAC;AC, are circuits, and consequently
|C1| +|Cs| < 2¢c—4. Thus we may assume that Cy N (C.ACy) # 0,C1 and
similarly, C1 N (CFACy) #0,Ch.

In general, suppose ey,...,ex C E(M)\(C1 UCs) are the elements of
E(M)\C} UC3y belonging to minimum (C4,Cy)-circuits. For i =1,... k let
Ce, be an e;-circuit. Following the discussion above, we may assume that for
all i # j it holds that Cy; N (C, AC,;) # 0,C1 and CaN(Ce, AC,,) is either
empty or equals Cs.
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Let M = M\{ey,...,ex}. If there is a (Cy,Cy)-circuit in M’ then M’
contains a (C1,Cs)-circuit C’ for which |C"\(C; UC2)| is minimum among
all (C1,C5)-circuits of M'. As before, it holds that C'AC; and C'ACy are
circuits and using this we obtain that

’01’ + ’02’ + 2|C/\(01 U 02)| = ’C/ACﬂ + ’C/ACQ| < 2c.

Thus if |C"\(C1UC%)| > 2, then |C1]|+|C2| <2(¢—2). On the other hand, if
|C'\(C1UC%)|=1, then C’ is a minimum (C7,Cy)-circuit. However, M’ has
no such circuit, and consequently it has no (Cy,Cy)-circuit and is therefore
disconnected. For i=1,2, let K; be the component of M’ containing C;. We
claim that E(M') = Ky UKj. Let e € M'\K;. Since M is connected, there
is a circuit C' containing e and intersecting Co. If C'N{ey,...,ex} =0, then
e€ Ky, a contradiction. So C intersects {ej,...,ex} in, say, e1,...,e;. Now

CACQA' .. ACel CCiuCyuU (C’\{el, e ,ek}).

There is a circuit C' C CAC,, A---AC,, containing e. One sees that C”
cannot be a (Cy,Cy)-circuit since M’ contains no such circuits. Thus C’
intersects exactly one of Cy or Cy but not both. If C’ intersects Ci, then
e € K1, contradicting our assumption. Thus C’ intersects Cy and e € K.
Since e was arbitrarily chosen, we have that E(M)=K; U K>.

Let S = Ky U{ey,...,ex} and T=K,. We shall show that (S,7T) is a
2-separation. Let x € (7. Choose a base B of M’ containing C7 — x. Let
B1 = BN K; and By = BN Ky, Similar to the previous discussion with e
and f, we can deduce that for all i# j there is a circuit in (C7 —xz)U{e;,e;}
containing e; and e;. Thus r(ByU{ey,...,e;}) <|Bi1|+1, and consequently,
r(S) =r(KiU{ey,...,ex}) <|Bi|+1. We also have that By is a maximal
independent set in Ky since r(M')=r(K1)+r(Kz). Thus r(T) =r(K1)=|Ba.
We have that

r(S)+r(T) < |Bi1|+ |B2| +1
=r(M)+1
<r(M)+1.

Thus (S,T) is a 2-separation, contradicting the 3-connectedness of M. This
concludes the proof. |

To summarize the above, using Seymour’s theorem, Theorems 2.1, 5.2,
and Lemmas 2.2 and 5.3, we have proven Conjecture 5.1 for regular matroids.

Theorem 5.3. Let M be a k-connected regular matroid having circumfer-
ence ¢ where ¢>2k. If Cy and Cy are disjoint circuits where r(C1)+r(Cy)=
T(01U02>, then |Cl| + |CQ| §2(C—k‘—}— 1)
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In light of the previous results, one might be tempted to conjecture that

for any k-connected binary matroid (k>2) having cocircumference ¢* > 2k
there is a circuit C which intersects every cocircuit of size ¢*—k+2 or greater.
It was pointed out to me by J. Oxley that this assertion is false for AG(3,2).
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