MATH 3160: Quiz #1 — SOLUTIONS

/10 Problem 1: The differential equation y” + 2y’ —y = 0 has the general solution y(z) = coyo(z) + c1y1 ()

(c1,¢2 € R). Find power series representations of the functions yg, ;.
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Assume a power series solution y = > ¢,z". Theny' = Y nepz” tand vy’ = > nln—1)e,z" 2
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Substituting these into the DE gives
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Re-index to obtain:
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Z(n +2)(n+ 1)cpqoz™ + Z nepx’ — Z cpx” =0
n=0 n=1 n=0

= 2co — o + Z [(n +2)(n+ 1)cpta + ne, — Cn} 2" = 0.

n=1

This gives the following recurrence relations:
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o = 5C0, Cpio=—7—"-——""—— (n=1,2,...).
2 = 5C0 +2 D +1) ( )
n=1: ¢3=0 (andsocs=c5=cr=---=0)
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The even-order terms can be written compactly as
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m = :2,3,... .
e @m)! (m )
Thus
y200+61$+62$2+031‘3—|—~-~
e L Lo, B3, 6 B .
=co+ iz cor? — —coxt + = coa® — —=ca®
o+ C1 50 1o 610 T
1 1 3 5-3
—clm+co<1+2x2—4|m4+6'x6—8' x8 + - >
_ 1 2 E (_1>m+1(2m_3)” 2m
=T+ <1+2:E +mZ:2 @) x

= coyo(x) + c1y1 ()

where we have the two linearly independent solutions

yi(x) =2 and yo(z)=1+ %xz _ Z (—1)";223!— 3)”3:27"

m=2
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