5‘: THOMPSON RIVERS UNIVERSITY

MATH 3160

Differential Equations 2

Instructor: Richard Taylor

MIDTERM EXAM #2

SOLUTIONS

20 Nov 2019

Instructions:

® N o e WD

Read the whole exam before beginning.

Make sure you have all 5 pages.

Organization and neatness count.

Justify your answers.

Clearly show your work.

You may use the backs of pages for calculations.
You may use an approved formula sheet.

You may use an approved calculator.

9:30-11:20

PROBLEM | GRADE | OUT OF
1 9
2 9
3 9
4 9
TOTAL: 36
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Problem 1: Consider the function f(z) = 2z for —5 <z <5.

A oo
(a) Let g(z) = ?0 + ZA" Ccos (?) + By, sin (%) be a Fourier series representation of f(z).
n=1

Without calculating_the coefficients A,,, By, sketch the graph of g(x) on the interval [-10, 10].
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(b) Find a sine series representation of the function f(z) restricted to the interval [0, 5].

f(z) = iBn sin (?)
n=1

where
9 5
B, = 5 ), f(x) Sin?dl‘

4 /5 o U=z dv = sin ? dx
= = rsin — dx 5

5Jo 5 du = dx v:——cos—n;m

nmw

4 %5 nrx|° 5 /5 nmwT
=—|——cos—| +— cos — dx

5 nmw 5 |g nm o 5

4 (nm)+ nwT
= - | —— cos(nm — | sin —

5 n 5 o

I (=1)n v
20

= =(=1 n+1

—(=1)

(c) Sketch the graph of the sine series from part (b), on the interval [—10, 10].
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Problem 2: Find the solution u(z,t) of the following initial boundary value problem:

Ut = Mgy, O<z<m, t2>0
u(0,t) = u(m,t) =0
u(z,0) =0

ut(x,0) = sin(4x) + 7sin(5x)

This is the wave equation with ¢ = 3. For these boundary conditions we already have the

general solution:
[e.e]
= [Ay cos(3nt) + By sin(3nt)]sin(nz)  (An, Bn € R).
n=1

Imposing the initial conditions gives

u(z,0) =0= Z Apsin(nz) = A, =0 Vn.

n=1
Thus -
= Z By, sin(3nt) sin(nx)

n=1

and imposing the other initial condition gives

ug(x,0) = sin(4x) + 7sin(5z) Z 3n B, sin(nx)

n=1

This is a sine series, where we can simply match coefficients by inspection:

1
1=34)B By = —
3(4)By = B 13’

= B Bs = —
7 3(5) 5 — 5 15,

all other B,, = 0.

1 7
= |u(z,t) = T sin(12t) sin(4x) + G sin(15¢) sin(5x)
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Problem 3: Find the solution u(z,y) of the following boundary value problem:

V2u:um+uyy:0 O<zr<wm, O<y<m

0,y) =u(my) =0, O0<y<m
u(z,0) = f(z), 0<z<m
(x,m)=0, O0<ax<m.

u

The function f(z) is arbitrary; express you answer in terms of integrals involving f(x).

Separate variables:

Y// X//
U(I,y) = X(I)Y(y) X//Y + XY” =0 = 7 = Y =k (COI’lSt.)

As many times before, for the given boundary conditions the case k < 0 gives only the trivial
solution, so we assume k = A\? > 0 and obtain

X"+ XX =0 = X(z)= Acos(\z) + Bsin(A\z) (A, B €R).
Imposing the boundary conditions u(0,y) = u(m,y) = 0 gives

X(0)
= X(7) =

:l>

0=
0= Bsin(A\r) = A=n(=1,2,...)
= X(x) = Bsin(nx) (n=1,2,...).

Then the DE for Y (y) gives

Y'—n?Y =0 = Y =ae™ + be™™ (a,b € R).
Imposing the boundary condition u(z,7) = 0 gives

Y(7)=0=ae"™ +be™"™ = b= —ae"" = Y(y)=ua [e"Y — 6"2“6_"3/]

so we get solutions

u(z,y) = B [e" — e"*Te”™] sin(nx) (n=1,2,...)

An arbitrary linear combination of these gives the general solution:

[ee]
y) = Z By, (™ — 6"2”6_”3’) sin(nz).
n=1

Imposing the final boundary condition gives

u(x,0) ZBn - "2” ) sin(nz) (a sine series for f(x))
:>Bn(—"2”— /f sin(nx)

So finally we obtain

hE

B, (e" — 6"2”6_"?’) sin(nx)

—6”2” -1 [" x) sin(nx) dz
) [ s@sinna) d

u(:c,y) =

n

:Hw »l

with B,
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Problem 4: One-dimensional diffusion of a substance that is also being depleted (e.g. by chemical
reaction or radioactive decay) can be modeled by the boundary value problem

U = Uz — kU, <<
u(0,t) =u(L,t) =0

L, t>0

where u(x,t) is the concentration of the substance and k > 0 is a constant that determines the rate of

decay.

(a) Find the general solution u(x,t) for this problem.

Separate variables:

w(z,t) = X(2)T(t) = XT' = X"T — kXT

T/ X//
— ?:Y—k:c(const.)

{ X"~ (k+¢)X =0
-

T = T.

As many times before, for these boundary conditions only the case k + ¢ = —\? < 0 yields

non-trivial solutions:
X(z) = Acos(Az) + Bsin(Az)
The boundary conditions require:

X(0)=A=0

(A, B € R).

nm

:>X(L):Bsin()\L)z)\L:n7T:>)\:f (n=1,2,...)

:>X(a:):Bsinn—Zx.

The DE for T'(t) gives

where

Thus we obtain the solutions

nm

u(z,t) = XT = Be~ (CEV+R)t gip

nnx

(n=1,2,...).

We get the general solution by forming an arbitrary linear combination of these:

[e.9] [e.9]
u(z,t) = Z By, sin (—n2x> e (TP HRIE — o—ht Z By, sin (—n2x> e~ L)
n=1 n=1

(b) What happens to the concentration u(x,t) as t — o0o?

Even without the general solution we could have discovered that

T =T = T = Ae®

(A €eR)

where ¢ = —A\? — k < 0. Thus T(t) — 0 (exponentially) as t — oo, hence u(z,t) — 0.

We can be more precise about this. For ¢ > % the leading (n = 1) term dominates so that

u(z,t) ~ Aje M (£t gin

so the approach to equilibrium (u = 0) looks like this:

A

—

+

~—
S

™ . T
— ~ sin —
L

L
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