PROBLEM | GRADE | OUT OF
1 10
Instructions: 2 10
1. Read the whole exam before beginning. 3 10
2. Make sure you have all 9 pages.
3. Organization and neatness count. 4 10
4. Justify your answers. 5 10
5. Clearly show your work.
6. You may use the backs of pages for calculations. 6 10
7. You may use an approved calculator. 7 10
8 10
TOTAL: 80
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MATH 3160 — Final Exam (SOLUTIONS) 20 April 2013

Problem 1: Consider the following differential equation for y(z):

(14 2?)y" + 6xy + 6y =0

(a) Explain why 2 = 0 is an ordinary point (i.e. not a singular point) for this equation.

We have y"" + P(x)y’ + Q(z)y = 0 where P(z) = 62/(1 + 2?) and Q(z) = 6/(1 + x?) are both
analytic at x = 0, hence x = 0 is an ordinary point.

(b) Find the general solution of this equation in terms of power series.

Assume:
(o] o0 (o]
y = Z e = oy = chnx”_l — ¢/ = Zn(n — 1Dz 2
n=0 n=1 n=2

Subbing into the DE:

Z n(n —1)e,a™ 2 + Z n(n —1)c,a" + 6 Z nepx” + 6 Z e =0
2 2 1 0
and re-indexing;:

Z(n +2)(n 4+ 1)ept22™ + Zn(n —1)eyz™ +6 Z nepx’ + 6 Z '’ =0
2 1 0

0

= 2¢9 + 6c3x + 6¢12 + 6¢g + 61 + Z [(n +2)(n+ 1)epgo +n(n — 1)e, + 6ne, + GCn] " =0
2

gives the recurrence relations:

2c9 + 6¢cg =0
n+3
603+1201:0 - Cn+2:—n—_’_16n; n:2,3,...
(n+2)(n+1)cpg2 + (n+2)(n+3)c, =0
so that
Cy = —360 C3 = —261
Cq = —562 = 560 Cy = —163 = 361
7 8
cg = —564 = —Tcg cr = _665 = —4c;
10
cg — —?66 = 900 Cg = —§C7 = 561

o = (=1)"(2k + 1)co

and the general solution is

—CoZ

okt = (—1)F(k + 1)ey

2k+1w2k+clz Bk 4 1)1
k=0

(c) Give (and justify) a lower bound on the radius of convergence for the series solution(s) in part (b).

The only singular points (i.e. values of x at which P(z) or Q(x) fail to be analytic) are x = =+i.
The radius of convergence for the series in (a) is therefore at least |1 — 0] = 1.
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MATH 3160 — Final Exam (SOLUTIONS) 20 April 2013

Problem 2: Consider the following differential equation for y(z):
322y +2(1+x)y —y=0

(a) Explain why x = 0 is a regular singular point (i.e. not an ordinary point or irregular singular point)
for this equation.

We have y” + P(z)y’ + Q(z)y = 0 where P(x) = (1 +2)/(2z) and Q(z) = —1/(32%). Both P
and @ are non-analytic at x = 0, so = 0 is a singular point. Since zP(x) = (1 + z)/2 and
22Q(z) = —1/3 are both analytic at = 0, = 0 is a regular singular point.

(b) Find the value(s) of  such that this equation has a solution of the form y(x) = =" Z cnz”™. (Do not

attempt to determine the coefficients ¢,,.) Are there two linearly independent solutlons of this form?

Assume:
o0 o0 o0
Y= Z cnz"TT =y = Z(n + 1) =y = Z(n +r)(n+r— 1),z 2
n=0 n=0 n=0

Subbing into the DE:

23 (n+7r)n+r—1)c, "+T—|—Z (n+7r)c "+T—|—Z(n+r)cn$”+r+1—ch:E"” =
0 0 0
and re-indexing;:

Z3n+r)(n+r—1 "+’"—|—Zn—|—7‘ "J”"—I—Zn—l—r—lcn 1"t chaz

0

== [37’(7‘ —1)+r— 1}0036’" + Z {3(71 +r)n+r—1)cp+(n+r)ep+n+r—1)c,_1 — cn}x"” =0
1
gives the indicial equation
3r(r—1)+r—1=0= 3r*—2r—1=0

2+4 1
e ’,":—:_1’_

Since the roots of the indicial equation do not differ by an integer, there will be two linearly
independent solutions of the form y(z) = 2" P(z) where P is a power series.
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MATH 3160 — Final Exam (SOLUTIONS) 20 April 2013

Problem 3: Solve the initial value problem

Y +y=> 6(t—2kr), y(0)=0, ' (0)=1
k=1

Simplify your solution as much as possible, and sketch the graph of the solution y(¢) on the interval
[0, 67].

Laplace transform:

(s*Y(s) — 1) + Y(s) = i ek — (14 s2)Y(s) =1+ i e 2kms
k=1 k=1

1 > 1
_ —2k7ms
= Y =yt
k=1

Therefore
y(t) = L7HY (s)}

=sint + Z u(t — 2km) sin(t — 2km)
k=1

[ee]
=sint + Zu(t — 2km)sint
k=1
= (m+1)sint; te€[m2r,(m+1)2x; m=0,1,2,...
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MATH 3160 — Final Exam (SOLUTIONS)

20 April 2013

Problem 4: Find the inverse Laplace transform of

/10 )
s+
F =
(s) (s —3)(s?2+2s+5)
Write
A Bs+C
F =
(s) s—3 s2+42s+5
A(s®+2s+5)+ (Bs+C)(s — 3)
(s —3)(s2+2s+5)
A+B=0
(A+B)s*+ (24 -3B+ C)s + (A — 30)
= 2A-3B+C=1
(s —3)(s®+2s+5)
bA —3C =2
1 1 1
s—3 — 20A=5 — A:Z — B:_Z S C:_Z
so that

which gives

1 1 s+1
s—3 4 s2+42s5+5

1 (s+1)
s=3 4 (s+1)2+22

_ -1 1.y 1 L S
1
= Z€3t e ! cos 2t

Page 5 of 9



MATH 3160 — Final Exam (SOLUTIONS)

20 April 2013

Problem 5: Consider the following Sturm-Liouville problem on [0, 3]:

y'+xy=0,  y0)=0  ¥(3)=0

(a) Find the eigenvalues and eigenfunctions for this problem.

case A = —a? < 0:

y(z) = ¢1 cosh ax + ¢o sinh ax

"0) =0
v (0) = ¢1 = cp =0 = only the trivial solution
y'(3)=0

case A = 0:

case A = o2 > 0:

y(x) = ¢1 cos ax + co sin ax

'0)=0
{y() — 2 =0; sinda=0 = 3a=n7w

So the eigenvalues are

2
Ay = ("%) S n=0,1,2,...

with corresponding eigenfunctions

nmwxT

yn(x) = cos <T>

(b) Is A = 0 an eigenvalue for this problem? Justify your answer.

Yes. A = 0 gives non-trivial solutions y(xz) = ¢; the corresponding eigenfunctions are the

constant functions.
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MATH 3160 — Final Exam (SOLUTIONS)
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Problem 6: Consider the following piecewise continuous function on [—2,2].

f(ﬂf):{_f’ —2<x<0

bR 0<x <2

(a) Find the Fourier series representation of this function.

We have
+Zancos +Zb sm mc
where
% = z (average of f(x), by inspection)
and
ap, = %/_22 f(x)cos (@> dx
:%/_02( :L")cos<— d +%/02%cos(n—;m dx
=3 [() e (5 e ()], + gl o (5],
1 2 \2 2\2
S (ER D
_ n227T2 (1) —1]
b, = %/_Zf(w) sin (%ﬂ) dz
= %/_02(—33) sin (n_;mc) dxr + % /j%sin <n2iw) dr
2 0 2
=3[() w (5) e () 3l e (),
— _% [ — n4_7r cos(—nﬂ')} + % [1 — cos(—mr)]
— % [3(=1)" + 1]
SO . o0
f(x)zz‘f‘%z(_lq);_lcos nmc % —1) ”+1sm (n;mc)

(b) Sketch the graph, on the interval [—6, 6], of the function to which the Fourier series in part (a)

converges.

[ ] [ ) [ ] [ ]
1 =
—>» G———9 —>»
L] [ ] L]
| | | [
—6 —4 -2 2 4 6 7
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MATH 3160 — Final Exam (SOLUTIONS) 20 April 2013

Problem 7: Solve the following initial boundary value problem for u(x,t), which models heat flow in
a one-dimensional object with one end insulated

up = 16Uz, <z <2, t>0
u(0,t) =0, uz(2,t) =0, t>0
u(x,0) = x, 0<z<2

Separation of variables u(z,t) = X (z)7T'(t) gives

X" +2AX =0
T' = ~16AT

which give nontrivial solutions only for A = o > 0:
X (x) = ¢y cos(ax) + cosin(ax).

Boundary conditions X(0) = 0, X’(2) = 0 give ¢; = 0 and cos(2a) =0 = a = (n+3)3,
n=012,...

We have T(t) = Ae™16M = Ae=4n+3)’m* 4 the general solution is

u(z,t) = ZAne—4(n+%)27r2t sin ((n + %)%)
n=0

where -
u(z,0) =z = ZA" sin ((n + %)%)

n=0

together with orthogonality gives
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MATH 3160 — Final Exam (SOLUTIONS) 20 April 2013

Problem 8: Solve the following initial boundary value problem for u(z,t), which models vibration of
a taut string.

uttzgum, O<.Z'<1, t>0
u(0,t) = u(1,t) =0, t>0
u(z,0) = sin(rz) — 5sin(37z), u(z,0) =0, 0<z<1

The standard solution for the wave equation gives

Z [A cos(n3nt) + By, Sln(’l’L37Tt)] sin(nmx)

n=1

where

=0= i { n n37r] sin(nmx)

n=1

gives B, =0 for alln=1,2,... and
u(z,t) = sin(mz) — 5sin(37z) ZA sin(nmz)

gives Ay =1, A3 = —5 and A,, = 0 for all other n # 1, 3.

Therefore the solution is

‘u(x, t) = cos(3nt) sin(mx) — 5 cos(9rt) sin(3mwx) ‘

Page 9 of 9



