
MATH 316: Quiz #5 – SOLUTIONS

/5 Problem 1: The following boundary value problem models the displacement of a vibrating string with
frictional damping. Use separation of variables to find the general solution. (Assume 0 < β < 1.)

uxx = utt + 2βut, t ≥ 0, x ∈ [0, π]. u(0) = u(π) = 0.

u = X(x)T (t) =⇒ X ′′T = T ′′X + 2βXT ′ =⇒
X ′′

X
=

T ′′

T
+ 2β

T ′

T
= k

=⇒

{

X ′′ − kX = 0

T ′′ + 2βT ′ − kT = 0

As before, only k = −n2 < 0 gives non-trivial solutions =⇒ X(x) = A sin(nx), n = 1, 2, . . .

The characteristic polynomial for the second ODE gives r2+2βr+n2 = 0 =⇒ r = −β±i
√

n2 − β2

=⇒ T (t) = Ce−βt cos(
√

n2 − β2 t) +De−βt sin(
√

n2 − β2 t)

Putting all of this together using superposition gives the general solution:

u(x, t) =
∞
∑

n=1

e−βt sin(nx)
[

An cos
(

√

n2 − β2 t
)

+Bne
−βt sin

(

√

n2 − β2 t
)

]

/5 Problem 2: Find the Fourier series for the following function. Sketch a graph of this series for
−3 ≤ x ≤ 3.

f(x) =

{

0, −1 < x < 0

x, 0 ≤ x < 1.

We have

f(x) =
A0

2
+

∞
∑

n=1

An cosnπx+Bn sinnπx

where

An =

∫

1

−1

f(x) cosnπx dx

=

∫

1

0

x cosnπx dx

=
x

nπ
sinnπx

∣

∣

∣

1

0
−

1

nπ

∫

1

0

sinnπx dx

=
1

n2π2
cosnπx

∣

∣

∣

1

0

=
cosnπ − 1

n2π2
=

(−1)n − 1

n2π2

except A0 = 1/2.

Bn =

∫

1

−1

f(x) sinnπx dx

=

∫

1

0

x sinnπx dx

= −
x

nπ
cosnπx

∣

∣

∣

1

0
+

1

nπ

∫

1

0

cosnπx dx

= −
(−1)n

nπ
+

1

n2π2
sinnπx

∣

∣

∣

1

0

=
(−1)n+1

nπ

=⇒ f(x) =
1

4
+

∞
∑

n=1

(−1)n − 1

n2π2
cosnπx+

(−1)n+1

nπ
sinnπx
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