MATH 316: Quiz #5 — SOLUTIONS

/ 5  Problem 1: The following boundary value problem models the displacement of a vibrating string with
frictional damping. Use separation of variables to find the general solution. (Assume 0 < 8 < 1.)

Ugy = Ut + 20w, t>0, z€l0,7]. u(0) = u(m) = 0.

I " , X// T// T/
u=X@7T(t) = X"T=T"X+28XT = = +20 =

X"~ kX =0
T" + 28T — kT =0

As before, only k = —n? < 0 gives non-trivial solutions = X (z) = Asin(nz), n=1,2,...
The characteristic polynomial for the second ODE gives 72 +28r+n? =0 = r = —f34i/n2 — 32
— T(t) = Ce Plcos(\/n2 — B2t) + De Plsin(v/n? — B21t)

Putting all of this together using superposition gives the general solution:

o0

u(z,t) = Z e Plsin(nz) [An cos (v/n2 — B2t) + Bye P'sin (v/n2 — 52 t)}

n=1

/ 5 Problem 2: Find the Fourier series for the following function. Sketch a graph of this series for

—3<x<3.
0, -1<x<0
f(x) =
z, 0<z<lI.
We have -
A
f(z) = 204 Z A, cosnmx + By, sinnmx
n=1
where
1 1
f ) cos nx dx B, = / f(z)sinnrz dx
—1
1
= / xcosnmx dr = / xsinnwx dx
0 0
x 1 L T 1 1 1
= —sin ’rlT['CL‘) - — sinnwx dx = ——cosnmx| + — cosnmr dr
nmw o nmjy nmw o nmjfy
1 ’1 (=" 1. 1
= COSNTTXL = _
n2m? 0 nmw + n2m? St mm"
_cosnm—1  (=1)"—1 (—1)Ht
T 2n2 . p2n2 I —

except Ag = 1/2.

I (-1)"—1 —1)nt!
- f(ac):4+z(n)2ﬂ2cosn7rx+(mrsinmm
n=1
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