
MATH 316: Quiz #3 – SOLUTIONS

/5 Problem 1: Use the Laplace Transform to solve the following initial-value problem:

y′′ + y = δ(t− 2π) + δ(t− 4π), y(0) = 1, y′(0) = 0.

L
−−−−→ (s2Y − s− 0) + Y = e−2πs + e−4πs

=⇒ Y (s) =
s

s2 + 1
+ e−2πs 1

s2 + 1
︸ ︷︷ ︸

W (s)

+e−4πs 1

s2 + 1
︸ ︷︷ ︸

W (s)

=⇒ y(t) = cos t+ u(t− 2π)w(t− 2π) + u(t− 4π)w(t− 4π)

where w(t) = L−1

{
1

s2 + 1

}

= sin t.

=⇒ y(t) = cos t+ u(t− 2π)sin(t− 2π) + u(t− 4π) sin(t− 4π)

= cos t+
[
u(t− 2π) + u(t− 4π)

]
sin(t)

/5 Problem 2: Use the Laplace Transform to solve the initial-value problem

y′ + 2y = f(t), y(0) = 0

where f(t) =

{

t, 0 ≤ t ≤ 1

0, t ≥ 1.

We can write f(t) = t− u(t− 1)t = t− u(t− 1)
[
(t− 1) + 1

]
=⇒ F (s) =

1

s2
− e−s

(
1

s2
+

1

s

)

.

Then transforming the DE gives

sY + 2Y = F (s) =⇒ Y (s) =
1

s2(s+ 2)
︸ ︷︷ ︸

G(s)

−e−s

( 1

s2(s+ 2)
︸ ︷︷ ︸

G(s)

+
1

s(s+ 2)
︸ ︷︷ ︸

W (s)

)

=⇒ y(t) = g(t) + u(t− 1)g(t− 1) + u(t− 1)w(t− 1)

where

g(t) = L−1

{
1

s2(s+ 2)

}

= L−1

{
−(1/4)

s
+

(1/2)

s2
+

(1/4)

s+ 2

}

= −1
4 + 1

2 t+
1
4e

−2t

w(t) = L−1

{
1

s(s+ 2)

}

= L−1

{
(1/2)

s
+

−(1/2)

s+ 2

}

= 1
2 − 1

2e
−2t.

=⇒ y(t) = −1
4 + 1

2 t+
1
4e

−2t + u(t− 1)
[

−1
4 + 1

2(t− 1) + 1
4e

−2(t−1)
]

+ u(t− 1)
[
1
2 − 1

2e
−2(t−1)

]

= −1
4 + 1

2 t+
1
4e

−2t + u(t− 1)
[

−1
4 + 1

2 t−
1
4e

−2(t−1)
]
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