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MATH 3000
Complex Variables

Instructor: Richard Taylor

MIDTERM EXAM #2
SOLUTIONS

23 Nov 2015 14:30-16:20

PROBLEM | GRADE | OUT OF
Instructions: 1 14
1. Read the whole exam before beginning. 2 5
2. Make sure you have all 6 pages.
3. Organization and neatness count. 3 3
4. Justify your answers. 4 7
5. Clearly show your work.
6. You may use the backs of pages for calculations. b 8
7. You may use an approved calculator. 6 8
TOTAL: 45
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MATH 3000 — Midterm Exam #2 (SOLUTIONS)

23 Nov 2015
/ Problem 1: Evaluate the following.
14
(a) /(1 + Z) dz where T' is the semi-circle z = 1 + ¢ (0 <0 < 7).
/4 '
e=l+e” /(1+z) dz:/ﬂ(2+e_w)iewd0
dz = iela db r 0
™
= / (2ie® + i) do
0
= 2¢" +if)
0
= (2¢'" +im) — (2) = 2+ im — 2 = [ir — 4]
() Res(f;0) where /() = —
es(f;0) where f(z) = .
/3 ' z+ 22
f has a simple pole at z = 0 so
. . 1
Res(f;0)] = lim 2f(2) = limy -—— =[1]
dz . " . o
(c) — where C' is the positively-oriented unit circle.
/3 ¢
Since f(z) = 22 has an antiderivative F(z) = —z~! throughout a domain D that contains T

(in fact D = C\{0}) we have
1

—[0]

1

Lﬂawsz

Alternatively,

d d
/ f(2)dz = 2miRes(0) = 27i lim — 2% f(2) = 2mi lim —1 = 27 lim 0 = 0.
C

2—0 dz 2—0 dz z—0

eZ

d Th id t all th 1 f = 7.
(d) e residues at a e poles of f(z) 212

/4

Poles are roots of 22 + 2 =0 = z = +ir. These are simple poles. Note that

&
so that
e? eim —1 )
) = I G mIB) = B i “r ~r o
e* e*’m —1 7
es( ZTF) zﬁl\rfniﬂ(z + ZW)f(Z) Zigﬂ Z—AaT —127 —i2m 27
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MATH 3000 — Midterm Exam #2 (SOLUTIONS) 23 Nov 2015

Problem 2: Let I' be the line segment from z = ¢ to z = 1. Without evaluating the integral, show
that

(Hint: of all the points on that line segment, the midpoint is closest to the origin.)

ImA

The midpoint of T is

1+14
zZ20 — B
so on I' we have
1 4 4 4 4
z4 1z]* = |20]* |20 1+ 1+t 22
Also, the length of I is
L =42
Therefore
dz
—|<M-L=4V2.
T z

Problem 3: Explain, without evaluating the integral, why / tan zdz = 0 if C is the circle |z| = 1.
C

The function .
sin 2z

f(z) =tanz =
cos z

has poles at zeroes of cos z, i.e. at z = g + nm (n € Z). For each of these poles we have
T
zl > ->1
ol > 2

so all the poles are outside the unit circle. Since sin z and cos z are both analytic, we have that
f is analytic everywhere in a simply connected domain (e.g. the circle |z] < 1.1) that contains
I', so by Cauchy’s Integral Theorem the integral is 0.
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23 Nov 2015

d
/7 Problem 4: Consider the integral/ 372
o4 (Z + 4)

(a) Evaluate the integral when C is the circle |z] = 2.
/4
The function .

f(z):m

has poles at z = 0 (order 3) and z = —4 (order 1). Only the pole at z = 0 is enclosed by C so

/ fdz = 2miRes(0)
C

where, since the pole as zero has order 3,

1 2 1
ReS(O) 5211}1%) @Z3f(2)

so that

11
22H0d222+4

22% (z+4)3 -

1
/sz g 6l

T

32

(b) Evaluate the integral when C' is the circle |z 4 2| = 3.

/3

The given circle encloses both poles, so

/C Fdz = 2mi[Res(0) + Res(—4)]

where, since z = —4 is a simple pole,

Res(—4) = lim (Z + 4)f(z) = lim — =

z——4 z——4 23

Therefore,

1
/fdz—QmM}
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o
d
/ g| Problem 5: Calculate the Cauchy principal value of / %
oo (224 1)
ImaA

C
> »
-R R Re

Let
1 1

f(z) =

(Z+12 7 G+

Refer to the diagram above. Since the loop encloses only the (order 2) pole at z = i we have

([ ) 5 =2t

— amilim L (2 — 0)2f(2)
z—1 A2
— 2rili !
T A (2 +0)2
—2 T

—2
= omilim =21 o = L
G 23 T 2

We have -
lim fdz= p.v./ fdx

R—o0 [—R,R]
and
lim / fdz=0
R—o0 C
the “The Lemma” since deg(z* +1)% > deg(1) + 2. Thus letting R — oo in the equation above

gives
T

p.v./: Fayde=| %
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2T do
Problem 6: Evaluate: / _—
o OD+4sinf
. . i0 dz .
The substitution z = €" (hence df = —i—) gives
z

o do —idz/z
_— — d
/0 5+4sinf /C«5+2‘li(z_i) /Cf(Z) z

where C' is the unit circle and (after a little algebra)

i
F) = g5 =5~

The function f has simple poles where

5+ v25—-16 =—i/2
\/. .~ i/

2122 —52—-21=0 — 2=

44 zZ9 = —21
so that .
i
f(z) = 2i(z — 21)(2 — 29)°
Since only the pole at z; = —i/2 is inside C' we have

/Cf(z) dz = 2miRes(z1) = 2mi lim (2 — 21) f(2)

Z—Z1
=2m lim —————
z—z1 2i(z — 29)
)

= 2mi 2i(2’1 — 22)
1T

- Z1 — %9

_am | 2w
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