
MATH 3170

Calculus 4

Instructor: Richard Taylor

MIDTERM EXAM #2

SOLUTIONS

25 March 2013 13:30–14:20

Instructions:

1. Read the whole exam before beginning.

2. Make sure you have all 4 pages.

3. Organization and neatness count.

4. Justify your answers.

5. Clearly show your work.

6. You may use the backs of pages for calculations.

7. You may use an approved calculator.

problem grade out of

1 10

2 10

3 10

total: 30
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/10 Problem 1: Evaluate

∫∫

S
F · n̂ dS where

F = zex
2

i+ 3yj+ (2− yz7)k

and S is the union of the five “upper” faces of the unit cube [0, 1] × [0, 1] × [0, 1]. That is, the z = 0
face is not part of S.

This is a good one for the Divergence Theorem, but we need to form a closed surface, say by
adding the bottom face S′ = [0, 1]× [0, 1]× {0}:

∫∫

S
F · n̂ dS +

∫∫

S′

F · n̂ dS

︸ ︷︷ ︸
∫

S′

(0, 3y, 2) · (0, 0,−1) dA = −2

=

∮

S∪S′

F · n̂ dS

=

∫∫

D
∇ · F dV (D = [0, 1]× [0, 1]× [0, 1])

=

∫
1

0

∫
1

0

∫
1

0

(2xzex
2

+ 3− 7yz6) dx dy dz

=

∫
1

0

z dz

︸ ︷︷ ︸

1/2

∫
1

0

dy

︸ ︷︷ ︸

1

∫
1

0

2xex
2

︸ ︷︷ ︸

ex
2

∣
∣
∣

1

0

=e−1

dx+ 3−

∫
1

0

dx

︸ ︷︷ ︸

1

∫
1

0

y dy

︸ ︷︷ ︸

1/2

∫
1

0

7z6

︸ ︷︷ ︸

1

dz

=
e

2
+ 2

=⇒

∫

S
F · n̂ dS =

(e

2
+ 2

)

+ 2 =
e

2
+ 4
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Problem 2: Suppose F(x, y, z) is a continuously differentiable vector field, and that ∇ × F = 0
everywhere. Prove that ∮

C
F · dr = 0

for every smooth closed curve C.

Since F is continuously differentiable and C is smooth, by Stokes’s Theorem we have

∮

C
F · dr =

∫∫

S
(∇× F) · n̂ dS

where C is any piecewise-smooth surface whose boundary is C. But ∇×F = 0 everywhere, so
regardless of the choice of S we have

∮

C
F · dr =

∫∫

S
0 · n̂ dS

=

∫∫

S
0 dS = 0.
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Problem 3: Let C be the triangular path with vertices (2, 0, 0), (0, 2, 0) and (0, 0, 2), oriented counter-

clockwise when viewed from the positive z-axis. Use Stokes’s Theorem to evaluate

∮

C
F · dr where

F(x, y, z) = x4i+ xyj+ z4k.

Since C is piecewise-smooth and F is continuously differentiable, we can apply Stokes’s Theo-
rem: ∮

C
F · dr =

∫∫

S
(∇× F) · n̂ dS.

We have
∇× F = (0, 0, y)

and for S we can choose any piecewise-smooth surface whose boundary is C. Let’s take S to
be the triangle with the given vertices. The triangle lies is part of the plane z = 2− x− y, or
in parametrized form:







x = x

y = y

z = 2− x− y

=⇒ r(x, y) = (x, y, 2− x− y) =⇒
rx = (1, 0,−1)
ry = (0, 1,−1).

This gives

∫∫

S
(∇× F) · n̂ dS =

∫∫

D
(∇× F) · (rx × ry) dx dy (D = {(x, y) : 0 ≤ y ≤ 2− x, 0 ≤ x ≤ 2})

=

∫∫

D
(0, 0, y) · (1, 1, 1) dx dy

=

∫∫

D
y dx dy

=

∫
2

0

∫
2−x

0

y dy dx

=

∫
2

0

1

2
(2− x)2 dx = −

1

6
(2− x)3

∣
∣
∣
∣
∣

2

0

=
4

3
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