
MATH 2670: Quiz #3 – SOLUTIONS

/5 Problem 1: Evaluate the surface integral

∫
S

xz2 dS where S is the part of the cone y =
√
x2 + z2 above the

xy-plane and between the planes y = 0 and y = 5.

Hint: you can parameterize S with the vector function r(R, θ) = (R cos θ,R,R sin θ).

r(R, θ) = (R cos θ,R,R sin θ) =⇒ rR = (cos θ, 1, sin θ)
rθ = (−R sin θ, 0, R cos θ)

(θ,R) ∈ D = [0, π]× [0, 5]

rR × rθ =

∣∣∣∣∣∣
ı̂ ̂ k̂

cos θ 1 sin θ
−R sin θ 0 R cos θ

∣∣∣∣∣∣ = R cos θı̂−R̂ +R sin θk̂

=⇒ |rR × rθ| =
√
(R cos θ)2 +R2 + (R sin θ)2 =

√
2R

=⇒
∫
S

xz2 dS =

∫∫
D

xz2|rR × rθ| dA

=

∫ π

0

∫ 5

0

(R cos θ)(R sin θ)2
√
2RdRdθ

=
√
2

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
1
3 sin3 θ

∣∣π
0
=0

∫ 5

0

R4 dR = 0

/5 Problem 2: Use Stokes’ Theorem to evaluate

∮
C

F · dr where F(x, y, z) = (x+ y)̂ı + (y + z)̂ + (z + x)k̂ and C

is triangle with vertices (1, 0, 0), (0, 1, 0) and (0, 0, 1).

Let S be the triangular planar region bounded by C. We can parameterize S as

r(x, y) = (x, y, 1− x− y) =⇒ rx = (1, 0,−1)
ry = (0, 1,−1)

where (x, y) ∈ D = the triangular region in the xy-plane that lies below S.
The surface normal consistent with the orientation of C is in the direction

rx × ry =

∣∣∣∣∣∣
ı̂ ̂ k̂
1 0 −1
0 1 −1

∣∣∣∣∣∣ = ı̂ + ̂ + k̂.

We have

∇× F =

∣∣∣∣∣∣∣∣
ı̂ ̂ k̂
∂

∂x

∂

∂y

∂

∂z
x+ y y + z z + x

∣∣∣∣∣∣∣∣ = −ı̂− ̂− k̂.

Stokes’ Theorem gives∮
C

F · dr =

∫∫
S

∇× F · dS =

∫∫
D

∇× F · (rx × ry) dA

=

∫∫
D

(−1,−1,−1) · (1, 1, 1) dA = −3
∫∫

D

dA︸ ︷︷ ︸
1/2

= −3
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