THOMPSON RIVERS @ UNIVERSITY

MATH 2240
Differential Equations 1

Instructor: Richard Taylor

MIDTERM EXAM #2
SOLUTIONS

26 March 2015 13:00-14:15

NS gk WD =

PROBLEM | GRADE | OUT OF
Instructions:

Read the whole exam before beginning. ! )
Make sure you have all 5 pages. 2 5
Organization and neatness count. 3 5
Justify your answers.
Clearly show your work. 4 7
You may use the backs of pages for calculations. 5 7
You may use an approved calculator.

TOTAL: 33
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MATH 2240 — Midterm Exam #2 (SOLUTIONS) 26 March 2015

Problem 1: Solve the following:
(@) ¥ =4y +5y=0

4++/—4

=" = r
Y 2

y(x) = e**(cicosx + casinz); ¢, c2 €R

(b) y"+8/+16y=0

/3

y=e" = 0=r>+8r+16 = (r+4)> = r = —4 (repeated root)

y(z) = cre ¥ 4 egre ™ ¢, 0 €R

y:erw —_— 0:T3—T:T(T2—1) —— 7’:0,:‘:1

y(z) =c1+coe” +e3e™™;  cq, 0,3 €ER
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Problem 2: Find the general solution of 3/ — 16y = 2e*.

Homogeneous problem: 3y’ — 16y = 0

Y1 = 64:1:

y=e* = r*-16=0 = r=44 =
yp = e

To find a particular solution use undetermined coefficients:

y = Aze’®  (since e satisfies the homogeneous equation)
Y = Ae*® + 4Aget”
y" = 4Ae™ + 44" 4 16 Axel®

— ¢/ — 16y = (84e™ + 16Aze™®) — 16(Azel®) = 267
1

1
= Yy = Zme“

So the general solution is

Yy =c1y1 + coy2 + yp

_ 1
=|c1e®® + coe ™ + 133647”; c1, o €R

Problem 3: Find the general solution of ¢y’ +y = tan .

Homogeneous problem: ¢’ +y =0

- ) ' Y] = COST
y=¢e¢"' = r'+1=0 = r==+i =
Yo = sinx

To find a particular solution use variation of parameters: seek a solution y = uiy; + usys

—

uj cosx + uysinz =0 vy = —sinztanx
—
! o3 / _ I — Q1
—uySINT + Uy cosx = tanx Uy = cosxtanx = sinx

SO
x

ui(z) = —/ sin s tan s ds and ug(z) = /sinxd:c = —coszx
0

X
= Yp = —cosx/ sin s tan s ds — cos x sin x
0
and the general solution is

Yy =ciyr +coy2 + yYp

x
= c1c03x+0281nm—cosm/ sinstansds —cosxsinxz; c¢1, cg € R
0

) sin § + cos 5
=cjcosx +cgsinz —cosxln | ————7|; c,2€R
cos 5 —sin g
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dx
Problem 4: Consider the linear system

d—‘z =4z + 3y
(a) Sketch an accurate phase portrait for the system.

/ 3
/ . T 1 2
X = Ax with x= Lj , A= [4 3]

A =det(A) = -5 ‘ '
T = trace(A) = 4 = (0,0) is a saddle point.

Eigenvalues of A:

(1-=X)B-N—-8=X—-4r-5=0A-5)(A+1)

1—A 2
O—detA)\I—‘ 4 3_)\‘

= A=-1,5

Eigenvectors: (A — A[)v =0...

A=—1: [i i()] RREF [1 10] zv2:—1)1:>V:t{_i},t€R

—4 20} RREF [—2 1
0 ’

0 0 0|0

] — vy = 201 :v:t[Q],teR

o O

A=5: [ 4 _9

(b) Find the solution with initial condition z(0) = 1, y(0) = 5.
/4

From above we have

x(t):cl[_i e_t+02|:;:|€5t; c1, 0 €R
Thus
R 1 cp=—1
x(0) [5]—61 1]+Cz[2]:> oy =2
and so
x(t) = —et 4 2%
- et - [
y(t) -1 2 y(t) — e—t + 4€5t
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dx

/ 7 - 1—zy
Problem 5: Consider the nonlinear system dy
oy

(a) Find all the equilibria of this system and classify them according to stability.
/5
1—=zy

Let x = [ﬂ then x’ = [
Yy Ty —Y

] = f(x). To find the equilibria:

fx)=0 = { zx_—:?)y:;) g U= 0 (contradicting the 1st equation) or x = 1( = y = 1).

So the only equilibrium is at (1,1). Now we linearize the system about (1,1):

Df(x) = [ T

) z—l] = Df(1,1):[_1 _01]

This gives 7 = —1, A = 1. So (1,1) is a stable spiral, since 7 < 0 with A > 72/4.

(b) Sketch the phase portrait of the system.

/2

Linearization is not quite enough for an accurate phase portrait. It helps to notice that
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