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Instructions:
. . 2 12
1. Read all instructions carefully.
Read the whole exam before beginning. 3 ]
Make sure you have all 8 pages.
Organization and neatness count. 4 8
You must clearly show your work to receive full credit.
You may use the backs of pages for calculations. 5 8
You may use an approved formula sheet. 6 11
You may use an approved calculator.
7 12
TOTAL: 71
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MATH 2240 — Final Exam (SOLUTIONS) 16 April 2012

Problem 1: Find the most general solution y(x) for each of the following:

(a) oy +4y=2°—2z

This is a linear first-order DE. In standard form:
4
y+-y=2"-1
T
this gives the integrating factor pu(x) = el 4/zde — gdlnz — cna® _ 24 Multiplying by pu:
oty + 423y = 2% — 2t = 2y = /336 —ztdx
——

= (zy)

_1,7_ 1.5
=z s’ +C

4

c

(b) ¥y =5y " +3y +9y =0

A constant-coefficient linear 3rd-order DE. Assuming y = e"* gives the characteristic polynomial
P(r)=r>=5r*+3r+9

By guess-and-check we find that » = —1 is a root (the Rational Roots Theorem furnishes good guesses
+1, £3 as the only possible rational roots). So (r+1) is factor of P(r), and by polynomial long-division:

P(r)y=(r+1)?—=6r+9)=(+1)(r—3)3

so the roots are r = —1 and r = 3 (repeated, with multiplicity 2). Thus the general solution is

’y(w) = 1% 4 cque’® + cge” " (c1,c2,c3 €R) ‘

(c) ¢ =42’y —y?

/4

This one is separable:

y' =42’ 1)y’ = @ ‘/
Yy~
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Problem 2: When certain kinds of chemicals are combined, the rate at which the new compound is formed is
/ 12| modeled by the autonomous differential equation

d
(Tf = k(A —2)(B —z)
where z(t) denotes the number of grams of the new compound present at time ¢. The quantities & > 0 and

B > A > 0 are constants.

(a) Find the equilibrium (i.e. constant) solutions and their stability. Sketch the phase portrait.

x = A is an asymptotically stable equilibrium.

r = B is an unstable equilibrium.

/ (b) Use your phase portrait to predict the behavior of x(t) as t — oco.
2

If 2(0) < B then x(t) — A, otherwise z(t) — oo.

(¢) Sketch typical solution curves in the (¢, x)-plane.

(d) Explain why the graphs of z(t) in part (c) cannot cross the equilibrium solutions.

Suppose some solution curve crosses an equilibrium solution at a point (¢,z). This curve must have
a2’ # 0 at this point, but since this point is also on an equilibrium (constant) solution curve, it must
have 2’ = 0 ...a contradiction, since z’ is single-values at every point in the (¢, x)-plane.

/ (e) Consider the special case with k = 1 and A = B. Predict the behavior of z(t) as t — oc.
3

2’ = (A — )% has a single (semi-stable) equilibrium at z = A.

If 2(0) < A then x(t) — A, otherwise z(t) — oo.
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MATH 2240 — Final Exam (SOLUTIONS) 16 April 2012

Problem 3: Consider the following differential equation:
22y +ay +y=0 (x > 0)

(a) Show that y;(z) = cos(Inz) and y2(x) = sin(lnx) are both solutions of this equation.

We have:
f = —71 sin(ln z)
Y1 -

1 1
" o__ .
W= sin(lnx) — e cos(lnx)

and substitution into the given DE yields

1 1 1
= 2%y{ + 2yl + 1 = 2° | sin(Inz) — — cos(In x)] +z { sin(ln x)} + cos(Inx)
x x T

=sin(lnz) — cos(lnx) — sin(Inz) + cos(In x)

=0

so 41 is indeed as solution of the given DE.

Similarly,

1
/
= — 1
Vo= cos(Inx)

1 1
"o .
V2 =3 cos(lnz) — e sin(ln x)

and substitution into the DE yields

9 1

1 1
2yl x* |——5 cos(lnz) — — sin(ln m)] +z [ cos(In at)] + sin(In z)
T

= 7Yy + 1Y + Yo

z2 z2

—cos(Inz) —sin(Inx) + cos(lnx) + sin(ln x)
0 v

S0 Yo is indeed as solution of the DE.

(b) Write the most general solution of this equation, and prove that your solution is indeed the most general
solution possible.

Since the DE is linear 2nd-order, the most general solution is
Y = C1Y1 + C2¥2
where y1, yo are any two linearly independent solutions. By considering the Wronskian:

Y1 Y2

Wi(x) =
(z) Yi o Y

| cos(Inz) sin(Inx)
" |-isin(lnz) 2 cos(lnz)

L 2 Lo
_cos (nx)ersm (Inz)

= % (cos?(Inz) + sin*(Inx)) = % #0 V>0

we find that y;, y2 are indeed linearly independent, so the most general solution is an arbitrary linear
combination:

’y(x) =cycos(lnz) + cosin(lnzx) (c1,c2 € R) ‘
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MATH 2240 — Final Exam (SOLUTIONS) 16 April 2012

Problem 4: Solve the following initial-value problem:
y' +4y=3sin2z,  y(0)=3, Y (0)=-3}
First consider the corresponding homogeneous equation y;, + 4y, = 0 where assuming y = e’” gives the
characteristic polynomial
rt*44=0 = r=42i = y;, = c; cos(2x) + ¢y sin(22)

Now use undetermined coefficients to find a particular solution. Since f(x) = 3sin2z is a solution of
the homogeneous problem, a suitable form for the particular solution is

yp = ¢(Acos 2z + Bsin 2x).
This gives:
[ y; = Acos2x — 2Ax sin 2z + B sin 2z + 2Bx cos 2z

== yz’,’ = —2Asin 2z — 2Asin 2z — 4Ax cos 2x + 2B cos 2x + 2B cos 2 — 4Bx sin 2z
= —4Asin 2z + 4B cos 2z — 4Ax cos 2 — 4Bz sin 2z

Substitution into the DE yields
(—4Asin 2z + 4B cos 2z — 4 Ax cos 2¢ — 4B sin 22) 4+ 4( Az cos 2x + Bz sin 2x) = 3sin 2z
=—> 4Bcos2z —4Asin 2z = 3sin 2z

4B =0 3
= { aA—3 — A__Z’ B=0

So the general solution is

3
9y = €1 COS 22 + co sin 2x — ZI cos 2.

Now to impose initial conditions. ..
3=y(0) =c1co80+cysin0—0=¢; = ¢; =3
3 , . 3 3 ) 3
—— =79'(0) = —2¢; sin 0 + 2¢5 cos 0 — ZcosOJr 3 -0sin0 = 2¢y — 1 =— =0

and so

3
Yy = 3cos2x — chos2x
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Problem 5: Find the general solution y(z) of the following:
y' +2 +y=e " Inx
First consider the corresponding homogeneous equation y) +2y) +y, = 0, where assuming y = e”* gives
the characteristic polynomial
0=7r*+2r+1=(r+1)*> = r = —1 (repeated root).
So two linearly independent solutions are

x

yp=e * and yo =wxe ".

Now use variation of parameters to find a particular solution, i.e. assume a solution of the form

Y = ury1 + u2ys

where the functions u;(x), us(z) must satisfy

! !, _ ,—T ! ,—x
uryy +ugyy = e Tlnx

whyr +ubys =0 ule " +uhze ™ =0
—ule " +uh(e ™ —ze ) =e Tlnx

Adding these equations yields

—X

upe P =e "Inx = uj=Ilnr = qu/lnxdxlenx—x.
Then

uy = —auy = —zlnr = ulzf/xlnxdz:zz (%félnx).

So the general solution is

y=cie " +eze " +2° (L —Lilnz)e ™ + (zlnz —z)ze”

= |y=cie " +cpwe  + 2?2 (% Inxz — %) e "
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Problem 6: Consider the followi £ differential equations: { %, — 2% T4
/11 roblem 6: Consider the following system of differential equations: Y = —a + 6y

/ (a) Find the most general solution (z(t),y(t)) of this system.
8

Write the system as x’ = Ax where A = {_21 zﬂ . Eigenvalues of A are given by

0=det(A—rl)=

2—r 4
-1 6-r

‘(2r)(6r)+4r28r+16(r4)2 — =4,

The corresponding eigenvector v is given by

_ -2 4 0| rrer_|—-1 2 0 2
(A-4)jv=0 = [_1 9 0}—>[0 0 O} :>V—|:1:|.

To form a second, linearly independent solution we need a generalized eigenvector b given by

(A—dDb—v — [—2 4 2} RREF [—1 2 1
B 0

1 2 1 000}:”’:{

] (for instance).

Now we can form the general solution:

xt) =[] e v ([7] 04 [ 3] e

or in terms of the component functions:

2(t) = (2¢1 — cg + 2cot)ett

c1,c0 €R
y(t)2(01+02t)e4t (1 2 )

/ (b) Find the solution that satisfies the initial conditions z(0) = 3, y(0) = 2.
3

== 1 =2,c=1

z(t) = (3 + 2t)ett
§(t) = (2 + 1)
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Problem 7: Raleigh’s differential equation (with constant & € R) is given by

" +k(3@)? -2 )+2=0

(a) Show how to transform this equation into the equivalent system { z/ : Tk (b )

/2

/ (b) Show that (0,0) is the only equilibrium solution of your system in part (a).
2
At equilibrium:
0=2'=y = y=0
0=y =-k(30°-0)—2 = =0

= (a:,y) = (O’O)

/ (¢) Show that (0,0) is unstable when k > 0. For what value(s) of k is (0,0) an unstable spiral point?
3

Near (0,0) the cubic term in y is negligible, and linearization near this point gives

=y . . 10 1
{y':—x—i—ky or in matrix form: x —{_1 k]x

The coefficient matrix has A = 1 and 7 = k. Since A > 0, stability is determined by the sign of 7. In
particular, for 7 = k£ > 0 the origin is unstable.

(0,0) is a spiral point if

0<4A—72=4-Fk = kK <4 — —2<k<?2.

Together with the condition for instability (k > 0) this gives for the origin to be an unstable
spiral.

/ (d) Show that (0,0) is stable when k < 0. For what value(s) of k is (0,0) a stable spiral point?
3

As above, stability is determined by the sign of 7. In particular, for 7 = k£ < 0 the origin is asymptotically
stable.

Together with the condition for (0,0) to be a spiral point (-2 < k < 2) this gives for the

origin to be a stable spiral.

/ (e) Classify the stability type of (0,0) when k = 0, and sketch the phase portrait for this case.
2

For k = 0 the system is linear, with coefficient matrix {_01 é} . In this case we have A =1 and 7 =0

so (0,0) is a center. Phase trajectories are closed (clockwise) circles about the origin.
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