E’W THOMPSON RIVERS UNIVERSITY

MATH 2110
Calculus 3

Instructor: Richard Taylor

MIDTERM EXAM #1
SOLUTIONS

17 Oct 2019 11:30-12:45

Instructions:

NS gt YD

Read the whole exam before beginning.
Make sure you have all 6 pages.
Organization and neatness count.
Justify your answers.

Clearly show your work.

You may use the backs of pages for calculations.

You may use an approved calculator.

PROBLEM | GRADE | OUT OF
1 4
2 6
3 10
4 8
5 8
6 3
7 5
TOTAL: 44
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MATH 2110 — Midterm Exam #1 (SOLUTIONS) 17 Oct 2019

Problem 1: Suppose u = z? — zy where z = scost and y = tsins.

(a) Write a chain rule for 6—1:

/> ?

du _ udz  oudy
ot Oz 0t Oy ot

(b) Evaluate gu (but do not simplify).

/2 ’

ou 8u8£ 8u@

0s 0z 0s | 0y os

- ’ (22 — y)(cost) + (—z)(t cos s) ‘

/6 Problem 2: Consider the function f(z,y) =sinz + siny + sin(z + y).

(a) Find the linear approximation of f(z,y) for (z,y) close to (0,0).

fr=cosz + COS({L’ + y) . :;(?603):_02
fomcosbeoste ) 00y =2

The linear approximation is

L(z,y) = f(0,0) + f2(0,0)(x = 0) + f,(0,0)(y - 0)

=04+2(z—-0)+2(y—0)=|22+2y

(b) Find an equation for the tangent plane to the graph of z = f(x,y) at the point (0,0).

/2

This is just the linear approximation found above:

’z:L(m,y):2az+2y
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MATH 2110 — Midterm Exam #1 (SOLUTIONS) 17 Oct 2019

/10 Problem 3: Let f(z,y) = 2° + kzy + %, where k is a constant.

(a) Show that f has a critical point at (0,0) no matter what value is assigned to k.

We have
f:c = 2r + ky
fy =kx+2y

so f has a critical point at (0, 0), regardless of the value of k.

= fx(070) = fy(0,0) =0

(b) For what value(s) of k& will f have a saddle point at (0,0)?

/3

Apply the second derivative test:

fzz:2
fyy =2 — D= fxxfyy - [fzy]2 :4*]{2
fzy:k

So (0,0) will be a saddle point if

4k <0 = k>4 = ’\k\>2 (k<—20rk>2)‘

(c) For what value(s) of k& will f have a local maximum at (0,0)?

/2

A local max at (0,0) requires f;, = 2 < 0 which gives a contradiction. There are no values of
k for which f has a local min at (0,0).

(d) For what value(s) of k£ will f have a local minimum at (0, 0)?

/2
For a local min at (0,0) we require D > 0 and fy; > 0:

{4—#>0

— ¥ <4 = [2<k<9]
2>0
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Problem 4: Use the method of Lagrange multipliers to find the minimum distance from the point
(0,1) to the parabola y = x2.

Let (x,y) be a point on the parabola. It is easier to minimize the square of the distance to
(0,1), i.e. the function

flzy) =2+ (y —1)%

We need to minimize f(z,y) subject to the constraint

The method of Lagrange multipliers gives

B 2z = A\(—2x)
{ VI=AVS ) = 1) = A1)
9=0 y =22

The first equation gives
2¢(1+X) =0 = z=0o0r A=—1

case x = 0:
y=0"=0 = (z,y) = (0,0).
case A = —1:
1
2Ay—1)=-1 = y=>
1 1 1 1
2
r=- = rx=4+— = (r,y)=|+—, =
2 75— = (+753)
We have:

so the minimum distance is

(the point (0, 0) has distance 1, corresponding to a local max of f.)
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Problem 5: In a certain region of the zy-plane, the temperature T' [in °C] varies according to the
/ 8| function

T(z,y) =48 — 32° — 3y
where z, y are measured in cm.

(a) At the point (1,—1) find the direction of the most rapid temperature decrease.

/2

VT = (—4a?, —6y) = ]—VT(L —1) = (4,—6) = 4i — 63\

(b) Find the rate of temperature change at the point (1, —1) in the direction of most rapid increase.

/2

IVT(1,-1)] = |(—4,6)| = V42 + 62 = |/52°C/cm = 2v/13°C/cm

(c¢) Find the rate of temperature change at the point (1, —1) in the direction away from the origin.

/2

We want the directional derivative of T" in the direction of v = (1, —1), which corresponds to
the unit vector

u—l— (1,-1)
V] V2
Thus ( )
L= _[ 10,
D T(1,-1) =VT -u=(—4,6) - N G C/

(d) An ant at the point (1, —1) moves with velocity vector v = (31+5j) cm/s. What rate of temperature
change does it experience?

/2
dT °
o =VT- v =(-4,6)-(3,5) =|18°C/s
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Problem 6: Suppose the curves f(z,y) = 0 and g(z,y) = 0 intersect at right angles at a point P.
/ 3| What condition must be satisfied by the partial derivatives of f and g at P?

Since the curves intersect at right angles, so do their normal vectors. These are given by V f
and Vg, so

Vf-Vg=0= (famfy) : (ga:7gy)

= | fe9z = _fygy

/5 Problem 7: Find an equation for the tangent plane to the graph of 22y? + 2z + 2% = 16 at the point
(2,1,2).

Let f(x,y,2) = 2°y? + 2z + 23, then the surface in question is a level surface of f so its normal
at (2,1,2) is

V£(2,1,2) = (2zy* + 2,222y, 32%) = (6,8,12).
(2,1,2)

The “normal form” for the equation of the plane with this normal, through the point (2,1,2)
is:

[(x,y,2) —(2,1,2)] - (6,8,12) =0

= 6(r—2)+8(y—1)+12(z—2)=0
— 62 + 8y + 122 = 44

:>’3x+4y+62':22‘
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