MATH 1300 Problem Set: Differential Equations
26 Nov. 2012

1. Solve the system of differential equations

Y1 = 0.5y1 + 0.5y
yh = 0.5y1 + 0.5y2

with initial condition y;(0) = 2, y2(0) = 0.
Write the system in matrix form:

dy [05 05
at |05 05]Y

—_——
A

Calculate eigenvalues and eigenvectors for A:

)\120, Vlz[_ll] )\221, VQZ[H.

So the general solution is

1 1
y(t) = c1vieM! + cpvaet! = ¢ [_1] + e M ¢!

where the coefficients ¢, co are determined by the initial conditions:

v(0) = &1 {_11] +o m _ m g —e =1

<o=[3] <[] = [{ 0=




2. Solve the system of differential equations

Y=~y
Yo = —y1
with initial condition y;(0) = 2, y2(0) = 0.

Write the system in matrix form:
dy |0 —1
it~ |-1 oY
Calculate eigenvalues and eigenvectors for A:

/\1 = —1, V] = |}:| )\2 = 1, Vo = {_11:| .

So the general solution is
1 1
x(t) = c1vieMt + covae™?t = ¢ [J ety {_1] et
where the coefficients ¢1, co are determined by the initial conditions:

x(0) = ¢1 m et + ey [_11} = B] = cg=c=1

x(t) = H et + [ 1 ] el = { i(t) :Z:Zfei

1




3. At time t = 0 there is an accidental spill of 500kg of arsenic into Lake A, which contains
10'? litres of water. Fresh water flows into Lake A at a rate of 3 x 10! litres/year, and
(well-mixed) water from Lake A flows into Lake B at a rate of 3 x 10! litres/year. There is
an additional flow of fresh water into Lake B, at a rate of 10'! litres/year. Well-mixed water
flows out of Lake B at 4 x 10! litres/year. The volume of Lake B is 2 x 10'2 litres.

(a) Let x(t) = (x1(t), z2(t)) be the vector of quantities of arsenic (in kg) in lakes A and B,
respectively. Show that the situation described above can be modeled by the following
system of differential equations:

4 — 0.3z,
dstZ == 03581 - 0.2.’E2

(b) Solve this system of differential equations. Sketch the graphs of x1(t) and xa(t).

(¢) Determine the maximum quantity of arsenic in lake B, and time at which it occurs.

(b) Write the system in matrix form:

dy [-03 0

a 03 —02|Y

| S ——
A

Calculate eigenvalues and eigenvectors for A:
1 0
= —U. = = — _2 = .

)\1 0 3, V1 [_3] )\2 0 , V9 |:1:|

So the general solution is
1
y(t) = crvieM 4 covaet = ¢ [_3} e 03 ¢ {(1)] e~ 02t

where the coefficients ¢, co are determined by the initial conditions:

y(0)=c [_13] + ¢ m = [580] — ¢ = 500, ¢ = 1500

_ Ll —ost 0| _oat x1(t) = 500e0-3¢
x(t) = 500 [_3}6 +1500 [1 e = |\ malt) = 1500(e-02 o031
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(c) At the local max of z2(t) we have:

dl‘g

—= =0 =1500(—0.2¢7%%" +0.3¢793) — 0.2¢792% = (0.3¢703

dt

0.2 __—0.1¢
03 °
In(0.2/0.3
G P H(O/l )~ 4.05 years

At this time the amount of arsenic in Lake B is
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