
MATH 1240

Calculus II

Instructor: Richard Taylor

MIDTERM EXAM #1

SOLUTIONS

2 Oct 2014 11:30–12:45

Instructions:

1. Read the whole exam before beginning.

2. Make sure you have all 4 pages.

3. Organization and neatness count.

4. Justify your answers.

5. Clearly show your work.

6. You may use the backs of pages for calculations.

7. You may use an approved calculator.

problem grade out of

1 16

2 8

3 8

4 8

total: 40
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Problem 1: Evaluate the following:

(a)

∫

1

0

(1− x)9 dx
/4

u = 1− x

du = −dx
=⇒

∫

1

0

(1− x)9 dx =

∫

0

1

−u9 du =

∫

1

0

u9 du =
u10

10

∣

∣

∣

∣

∣

1

u=0

=
1

10

(b)

∫

x3/2 lnx dx
/4

integrate by parts:
u = lnx dv = x3/2 dx

du = 1

x dx v = 2

5
x5/2

=⇒
∫

x3/2 lnx dx =
2

5
x5/2 lnx−

∫

2

5
x5/2 · 1

x
dx

=
2

5
x5/2 lnx−

∫

2

5
x3/2 dx

=
2

5
x5/2 lnx− 4

25
x5/2 + C

(c)

∫

4

1

e
√
x

√
x
dx

/4

u =
√
x = x1/2

du = 1

2
x−1/2 dx =

dx

2
√
x

=⇒
∫

4

1

e
√
x

√
x
dx =

∫

2

1

2eu du = 2eu
∣

∣

∣

2

1

= 2(e2 − e)

(d)

∫

sin2 x cosx

1 + sin3 x
dx

/4

u = sinx

du = cosx dx
=⇒

∫

sin2 x cosx

1 + sin3 x
dx =

∫

u2

1 + u3
du

w = 1 + u3

dw = 3u2 du
=⇒

∫

u2

1 + u3
du =

∫

1

3

dw

w
=

1

3
ln |w|+ C =

1

3
ln |1 + sin3 x|+ C
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Problem 2: Find the area of the region bounded between the curves y = lnx, x = y2 − 2, y = −1
and y = 1.

y = ln x

x = y
2 − 2

x

y

y = 1

y = −1

By horizontal strips:
dA =

(

ey − (y2 − 2)
)

dy

=⇒ A =

∫

1

−1

(ey − y2 + 2) dy =
[

ey − 1

3
y3 + 2y

]1

−1

=

(

e− 1

3
+ 2

)

−
(

e−1 +
1

3
− 2

)

= e− 1

e
+

10

3

/8
Problem 3: The region enclosed by the curves y = x and y = x2 is revolved about the the x-axis.
Find the volume of the resulting solid.

y = x

y = x
2

x

y

1

1

Revolving vertical strips generates “washers” perpendicular to the x-axis:

dV = π(R2 − r2) dx = π
(

x2 − (x2)2
)

dx

=⇒ V =

∫

dV =

∫

1

0

π
(

x2 − x4
)

dx = π

[

1

3
x3 − 1

5
x5

]1

0

=
1

3
− 1

5
=

2π

15

Alternatively, revolving horizontal strips generates “cylindrical shells” parallel to the x-axis:

dV = 2πy (
√
y − y) dy

=⇒ V =

∫

dV =

∫

1

0

2π
(

y3/2 − y2
)

dy = 2π

[

2

5
y5/2 − 1

3
y3
]1

0

= 2π

(

2

5
− 1

3

)

=
2π

15
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∫

3

0

(x2 − 2) dx using the definition of the definite integral (i.e. by Riemann

sums).

The following formulas might be useful:
n
∑

i=1

i =
n(n+ 1)

2

n
∑

i=1

i2 =
n(n+ 1)(2n+ 1)

6

First construct the Riemann sum (area using n rectangles based on right endpoints):

∆x =
3

n
xi = i∆x =

3i

n

=⇒ Sn =
n
∑

i=1

f(xi)∆x =
n
∑

i=1

[

(

3i

n

)2

− 2

]

3

n

=
n
∑

i=1

27i2

n3
− 6

n

=
27

n3

n
∑

i=1

i2 − 6

n

n
∑

i=1

1

=
27

n3
· n(n+ 1)(2n+ 1)

6
− 6

n
· n

=
9

2
· 2n

3 + 3n2 + n

n3
− 6

Now let n → ∞:

∫

3

0

(x2 − 2) dx = lim
n→∞

n
∑

i=1

f(xi)∆x

= lim
n→∞

9

2
· 2n

3 + 3n2 + n

n3
− 6 = 9− 6 = 3

Page 4 of 4


