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Abstract

Linear stability characteristics of an anomalous sub-diffusive activator—
inhibitor system are investigated through a mesoscopic model, where anomaly
ensues by a memory integro-differential operator with an equal anomaly
exponent for all species. It is shown that monotonic instability, known from
normal diffusion, persists in the anomalous system, thereby allowing Turing
pattern occurrence. Presence of anomaly stabilizes the system by diminution
of the range of diffusion coefficients’ ratio involving instability. In addition,
the maximal growth rate is diminished, proving the existence of an absolutely
stable anomalous system.

PACS number: 82.40.Ck

1. Introduction

It has been realized recently that in many physical processes the conception of normal diffusion,
with its inherent temporal scaling of the mean square displacement (r%(t)) ~ ¢, is unsuitable.
A more general relation, (r2(t)) ~ t7, is characteristic for sub-diffusion (0 < y < 1)or
super-diffusion (y > 1). A variety of physical phenomena exhibiting anomalous diffusion
can be found in the review papers [1, 2].

In a number of systems anomalous diffusion is accompanied by chemical reactions. For
instance, biological media such as lipid bilayers hinder the reaction rate due to their involved
structure [3]. In whole living cells the presence of numerous organelles also obstructs normal
diffusion [4]. Ata fractal interface such as an electrode—electrolyte the reaction rate is reduced
due to surface irregularity [5].

The mathematical modelling of the reaction—diffusion phenomena in systems with
anomalous diffusion is far from complete. The simplest replacement of the Laplacian
operator by a fractional derivative with the reaction term unchanged may be reasonable when
the reactions are activation limited or mediated by additional, normally diffusing reagents.
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Conversely, if the progress of a diffusion limited reaction is impeded by the same physical
factors that hinder the diffusion, the reaction term has to be modified by the application of a
fractional derivative [6]. Still, there are memory effects that cannot be described by means of
fractional derivative operators. As has been recently shown in [7-9] for a uni-molecular decay
reaction, a more involved integro-differential operator is then required.

One of the basic phenomena observed in normal reaction—diffusion processes is the
appearance of spatial (Turing) patterns, when a homogeneous steady state solution is linearly
stable in the absence of diffusion, yet unstable to small spatial perturbations in the presence
of diffusion [10-12].

In the present paper, the model developed in [7, 8] is extended to the case of an arbitrary
number of species and arbitrary linear kinetics. This extension allows us to formulate the
conditions for the appearance of Turing instability.

2. Mathematical model

A system of n reacting species is considered, characterized by the vector of concentrations

N(r,t) = {N;(r,t)},i = 1,...,n. When the species’ spatial distribution is homogeneous,
the temporal evolution of N is governed by the system of kinetic equations
dN
— =f(N). 1
” N) (1)

The function f is generally nonlinear (see [10] for specific examples). As the current paper is
devoted to the effects of memory (due to sub-diffusion) on Turing instability, f is kept in its
generic form.

If (1) possesses an equilibrium state Ny so that f(Ny) = 0, a small density perturbation n
around N evolves according to

dn af; ..

a:an, (Vf),jzm, l,]E{],...,i’l}. 2)
Then by (2)

n(r) = e""n(), 3)

where ¢’ is a reference time.

Later on, it is assumed that the eigenvalues of the matrix (Vf);; have negative real parts
corresponding to the stability of No. However, it is known that in the presence of normal
diffusion instability can arise with respect to spatially inhomogeneous disturbances (Turing
instability) [10].

The appearance of Turing instability in a system with anomalous diffusion is considered
in the framework of the following model. The basic assumption is that a mutual conversion
of different species (on the background of the equilibrium state) is governed by the linear
law (3) independently of their position and the time of their arrival to a definite position. This
evolution law can be achieved as the result of chemical reactions mediated by some abundant
and easily diffusing catalysts (rather than through a direct interaction of species). Assume
also that the particles of species i are subject to a continuous time random walk governed
by the probability distribution function ¥, (r,t) = p;(r)w(t),i = 1,...,n, with the jump
length distribution w;(r) dependent on the kind of molecules that carry out a jump, and the
waiting time distribution independent of the kind of molecules (another model is discussed in
the appendix).

As emphasized in [8], one can distinguish between two cases: (i) the chemical reaction
does not affect the waiting time distribution, i.e., changes in chemical composition do not entail
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a change in particles’ ‘age’; (ii) the newborn particles produced by a reaction are assigned a
new waiting time, i.e., zero ‘age’. The choice should be according to the particular problem
and underlying microscopic phenomena that are not discussed here. Case (ii) has been studied
in [13, 14]. There, even in a nearly equilibrium state the diffusion might be essentially reduced
due to persisting mutual transformations of particles, preventing their ‘aging’. In the present
paper, case (1) is chosen following [7, 8]: the particle ‘age’ is not changed due to the reaction,
but the probability to jump is determined by the actual kind of the molecule at the time of the
jump.

Now consider a ‘population’ of particles that belong to species i and arrive at the location
r at the time instant # > 0. Let n, (r, t) be their density. Each particle from this population has
carried out its previous jump to a certain location r’ at a certain time instant ¢’. In the absence
of the chemical reactions, the density n;(r, t) is directly collected from all the points (r/, t'),
hence

ni(r,1) = / / wi(r —rHw@ —Hn; (', ) dt’ dr’, t>0. 4)
QJ0O

The domain €2 is the whole space or has a rectangular shape; the dimension of the space is
arbitrary. In the presence of a permanent change of the chemical composition governed by (3),
which does not depend on the position and age, one has to replace the chemical composition
n; (x', t) on the right-hand side of (4) by the actual composition of particles at the time of the
jump ¢, i.e., by

n
D@ ).

j=1

Hence one arrives at the equation
t n
mn = [ [ ue=ue -0 Y@ e el )
Jo ,
j=1

To incorporate the initial condition, all the particles are taken with the initial density ny(r) as
arriving to the point r at the time instant # = 0. Using the vector form of presentation,

n(r, 1) = ny(r)8(r) + / / w—rHw —)eV=nw, yd' dr’,  (6)
QJ0

where ny(r) is the initial density perturbation and §(¢) denotes the Dirac delta function. Here
W is a diagonal matrix with u;; = w;, i = {1, ..., n}. Fourier transform of (6) yields

fi(q, 1) = fg(q)s (1) + ﬂ(Q)f w(t — 1) e’ (g, 1) dr’, (7
0

where q is the wave vector and the hat denotes transformed functions. Later on, a long-wave
approximation

Ri(g) ~ 1 =g’ +o(g?), g =lql, ®)
will be used. Laplace transform of (7) leads to an algebraic system,
(g, s)(I — (@) LTw() e""](s)) = ho(q), 9

where s is the transform variable, the tilde denotes transformed functions and [ is the identity
matrix of appropriate dimension. Thus the disturbance dispersion relation can be written as

det(/ — fu(g) Llw(1) e¥"1(s)) = 0. (10)
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3. Dispersion relation

3.1. General formulae

An explicit derivation of the dispersion relation from expression (10) requires some preliminary
definitions. A non-singular matrix A, «, is diagonizable in the basis of its eigenvectors, so that

A 0
A=VAV!, V=1[vi -V, A= . (11)

0 An
Bold font is used throughout for vectors, A; are the eigenvalues of A corresponding to
the eigenvectors v;, j = {1,...,n}. The rows of the inverse matrix V—1 are denoted r iz

The matrices (—A), exp(A) and A%, @ € R, possess an identical set of eigenvectors, and
the corresponding eigenvalues are, respectively, negatives, exponents and «-powers of the
eigenvalues of A. The scalar Laplace transform argument shift formula

Le"y®)]1(s) = LIyO](s — a) 12)
is generalized as follows:

Ek“ﬂﬂ@)z/me”%mﬂnm
0

= /oo e VeMVTly(nyde =Y v Lly®ls — Ap).  (13)
0 =

Henceforth A = Vf, and the matrices A,V are the corresponding diagonal matrix of
eigenvalues and basis of eigenvectors of dimension 7.

3.2. Particular cases

3.2.1. Turing instability for normal diffusion and super-diffusion. Taking a two-species
system with a waiting distribution function of the form
w() =1 e /" (14)

and sensitivity matrix Vf, whose distinct eigenvalues A1, A, possess a negative real part, (10)
becomes

oo
det (1 - r_l,u/ e(Vi-Gs+l/o Dt dt) =0. (15)
0
Performing the integration and substituting
o 0
w~1-g*T+o(g?), 2:<1 ), (16)
0 022

the dispersion relation known for normal diffusion is recovered:
det(s] — Vf —¢°’D) =0, D=1t'%. (17)

In the case of super-diffusion caused by the long tails of the step length distribution function
(Lévy flights),

w~1—lgq"Z +o(ql"), l<y<?2, (18)
and, in a similar way, one obtains

det (sI — VE — |q|* D) = 0. (19)
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3.2.2. Anomalous diffusion with exponential decay. As a second example, take a single
species system (n = 1) where exp(Vf)r is replaced by exp(—kr), while the Laplace
transformed waiting distribution function corresponds to an anomalous diffusion [7, 8]:

w(s) >~ 1—T(1—yp)t’s” +o(s]"). (20)
Then
Llw®)e ™M =w(s+k) ~1-TU—p)t"(s+k) +o(s]"), 2D
and (10) becomes (to leading order)
g2o? o
S+k:_I‘(1——y)rV(s+k) v, (22)

recovering the results obtained in [7, 8].

3.2.3. Anomalous diffusion with linear kinetics of arbitrary dimension n. ~ As in the previous
example, w(s) is given by (20). By (13),

Llwne™ =Y "vir;(1 =T —y)r’ (s — 1))

j=1
=1-T0-y)t’(sI — V). (23)
Substituting into (10) and using (16) gives in the limit of small g
det(qzC +(Us—VH")=0 C = L (24)
’ r{a—yrr’

Another model leading to (24) is presented in the appendix.

3.3. Stability of an activator—inhibitor anomalous system (n = 2)

For the purpose of roots comparison with normal diffusion, (24) is written in an equivalent,
more convenient form via multiplication by (Is — Vf)'=7 from the right:

det(Is — VE+¢>CV(Is — A7V =0. (25)
Later on, it is assumed that A; and A,, the eigenvalues of Vf,,,, are complex conjugate,
A = 3(tr VB +iv4 det VE — 2 V), Ay = Af, (26)

and Re A; < O (the system is stable in the absence of diffusion). The eigenvectors basis is

taken as

Vv

V = fi2 V f12 . @7
—(Vfi—2) —(Vfir—Xi)

After rearrangement (25) becomes

2
s2—tVEs+det VE+dg*(s — A V(s — )TV + dqt VVflz(S(s, 2) — S(s,2)) =0
(¢}
(28a)
with
S(s,A) =s5G(s, L) + F(s, A), (28b)

F(s,A) = [(d+1)det VE — A*tr, VE](s — 1) 77, (28¢)
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G(s, X)) =[(d — DV fii + A* —dAl(s = V)7, (28d)

and the sensitivity matrix weighted trace being

tr, VE =dV fi1 + V fa. 29)

For y = 1 expression (28a) immediately reduces to the relation known for normal
diffusion. Then with s = 0 the quartics

dg* —tr,Vfg?> +det Vf = 0 (30)

gives the set of coefficients d for instability and the corresponding range of unstable wave
numbers. For y < 1 itis replaced by

, Im F(0, A1)
Im)\l

As the system is stable in the absence of diffusion, det Vf > 0 [10]. Hence the roots’ product
is positive,

d(det V)7 gt — g +det VE = 0. (31)

1
qiq> = ~(det V)7 > 0, (32)
and their real parts are of identical sign. To express Im F(0, ;) the following notation is
introduced:

A = +/det VEe, %<9<n, v =m —6. 33)
Then
Im F(0, A1) = (det VE)'~7/2(tr,, VEsin y ¥ — (d + 1)~/det VEsin(1 — y)). (34)
Since ImA; > 0,
sign(q? +¢*) = signIm F(0, A;). (35)
For the roots to have positive real parts
in(1 —y)®
tr, VE > (d + 1)/det VEf (y; 9), fyi®) = w. (36)
siny
The function f(y; ) decreases monotonically over the range 0 < y < 1:
0 in ¥
fO =00, fuim=0, Loy o
oy sin? y

Therefore inequality (36) poses an increasingly severe condition relatively to the normal
tr, VI > 0, as the system becomes more anomalous. The emanating normal demand V f1; > 0
is replaced by a consequently more severe requirement

Vfi1 > Vdet VEf(y; 9). (38)

For the roots to be real the discriminant of (31) should be positive, giving

trszfg(y; V) —4d detVE > h(y; VI, d), (39a)
sin® y
;) = — 39b
8lyi ) = —— (39b)
i sin®(1 — y)o

9
h(y: VE, d) = 2tr, VE(d + D)Vt VY Gin(1 — )9 — (d + 1) det VEo
sin? ¢ sin? ¢

(39¢)
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The function g(y; ©}) grows monotonically over the range 0 < y < 1:

g sin2y ¥
80;9) =0, gl;9) =1, — =0 > 0. (40)
oy sin?
The function A (y; V£, d) is not monotonic. Seeking an extremum gives
(d + 1)a/det Vf sin &

tan(l — 2yex) 0 = (41)

© 2tr, VE+ (d + 1)v/det VEcos
The right-hand side is negative, thus yex > 1/2. Solving h(y; Vf,d) = 0 yields y = 1 and
another root y, satisfying

cot ¥, = cot ¥ + 2try Vi , (42)
(d + 1)+/det VEsin ¢
whence
cot y, ¥ > cot . 43)

Since cotangent is a descending function, y, < 1. Therefore h(y; Vf, d) ascends from some
negative value at y = 0, crosses the abscissa at y,, attains a maximum at Y.y and descends
again to zero at y = 1. Inspection of (39a) leads to the following conclusion: as y becomes
slightly smaller than unity, the right-hand side of (39a) turns positive through h(y; V£, d),
whereas the left-hand side grows smaller via g(y; ). Therefore condition (39a) is more
severe than the normal,

tr2 VE — 4d det VE > 0. (44)

Moreover, at some range of 0 < y < 1, this condition will become unsatisfiable if the left-
hand side turns negative whilst 4 (y; V{, d) still remains positive. As y is diminished further,
it will be possible to satisfy (39a) again. To have an estimation of this range of y, note that at
y = Y. condition (36) fails. To see this, rearrange inequality (36) into

tr, VE

(d + 1)s/det Vf sin %

and compare to (42). From cotangent monotonic descent it follows that to satisfy (36) the
value of y should exceed to some extent y,.

Similarly to the normal case, it is possible to find the critical ratio of diffusion coefficients
by equating the discriminant of (31) to zero. The implicit relation is

d =
M) = etV sin? o
a quadratics for dj; (y). Differentiating with respect to y and rearranging yields

coty < cotd +

(45)

(tr, VEsiny® — (dy + 1)+/det VEsin(1 — y)9)?, (46)

d tr, VEcos y 9 + v/det VE(dy + 1) cos(1 — y)v

—du(y) = -0 : ; : . 47)
dy V fi1sinyd — «/det VE(sin(1 — y) 9 +sin®//dy)
By (46)
dy(V fi18inyd — ~/det VEsin(l — y)8) + V foosinyd — \/det Vfsin(l — y)9

= 2\/dy~/det Vfsin 9, (48)
so that

dy (V fi1 siny v — ~/det VEsin(1 — y)9) > 2/dy v det VEsin 49)

as V fan < 0 to keep A, stable whilst V f1; > 0, and in particular the denominator in (47) is
positive by (38). Then, recalling the range of ¥,

d
3, () <0 at v« <y <l (50)
14
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Figure 1. Upper: anomalous critical diffusion coefficients’ ratio for V f1; = 2,V fop = —2.5,

det Vf = 0.5 (solid). Dashed lines mark the interval of stability (formally, dy; < 0). The dotted
line marks the physical limit d = 1. Note that dy;(y) > dp(1). Each point (y > vy, dy) on the
plot corresponds to a system with a negative growth rate curve, tangent to the real axis at a single
point g = g_ = g,. For the gradual descent of the curve below the real axis, see the lower picture.
Lower: the growth rate versus the wave number for y = 1 (solid), y = 0.9 (dashed).

proving that the anomalous critical ratio is higher than the normal value d; (1), rendering the
anomalous system always more stable than normal. Figure 1 depicts a typical example. Note
that there exists an interval of y below the root y,, where the anomalous d), attains unphysical
negative values, i.e., the system is stable for all d. This interval corresponds to the inability
to satisfy (39a), as mentioned above. For values y close to zero the condition is satisfiable
again, still keeping dy (y) > dy(1). However, this interval does not entail instability as the
additional condition (36) fails for all values 0 < y < y, and for some range above it.

From the standpoint of physics, the appearance of instability in the system above the
threshold of dy,(y) will lead to a bifurcation and emergence of a different stable solution.
Linear analysis predicts that threshold; however, all bifurcation properties (e.g. sub- or super-
criticality) can be determined only via nonlinear analysis. However, a nonlinear generalization
of the model is a difficult task, because there arises a question about the ‘age’ of all reaction
products, a question that cannot be resolved in the framework of a general consideration. An
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example of a nonlinear model appears in [14], where the assumptions concerning the particles’
‘age’ differ essentially from the current work.

3.4. Eigenvalues near the ends of the instability interval

The set of unstable wave numbers ought to be determined and compared with the normal case.
For this purpose the growth rate function behaviour in close vicinity of the roots ¢ = g4 is
necessary. Expansion of (28a) about qi with |s| < 1, Ay, Ap ~ O(1) yields

Ps+ QO ~0+o(s), (5la)
Im F(0,
0 = ddet V) gt — g T O vt (51b)
Im)»l
MG, 1) + (1 — p)I
P = —tr VE(1+dg*(1— y)(det VE) ) — 29I O A + A = p)Im 7 - o)
Im)q
H = [(d + 1) det VE — Aytr, VE[(=2;) 7. (51d)

Note that the quotient H equals F (0, A;) upon replacing y by y + 1. As the sign of Q depends
ond, Q > 0 for all g or for the set {g| g < g_or g > ¢.}. To determine the sign of P, denote
y(y; VE,d) = (d — DV fi1 sin(1 — y)® + /det VE(d sin(2 — y)9 + sin y )

— (1 = y)(tr, VEsin(y + )9 + (d + 1)v/det VEsiny 9). (52)
Then
(det VF)~7/2

P = —tr VE(1 +dg*(1 — y)(det VE) ) +¢*y(y; V£, d)

>0

(53)

Since at large y the function y(y; Vf,d) > 0, it may have two roots, both lying within or
outside the set {y|0 < y < 1} or it may have no roots, as

y(0; VE,d) = —tr Vfsin 9 + dv/det Vfsin 29 > 0,

y(1; VE, d) = (d + 1)v/det VE > 0. oY
Solving y(yT; Vf, d) = 0 yields

coty'® = cot® +c(y'; VE, d), (55)
where

Ot VE ) = 2(1 — )/IT)terfcos O —y(d+ 1)«/W. 56)

sin 9y Ttr, VE — tr VE + 2d~/det V£ cos 9]

By

c(0; VI, d) > 0, c(1; Ve, d) <0 (57)
the function c(y'; V£, d) changes sign at

.\ -1
yiz(l+%) <1 (58)

Hence for yi < y < 1 the function c(yi; Vf, d) < 0, and the root ofy(yT; Vf, d) satisfies
y' > 1. Then y(y; Vf,d) > 0at0 < y < 1, proving P > 0. Since Q < 0Vqg_ < q < g4,
the growth rate s ~ —Q/P is positive for the wave numbers within this range close to g+
(wherever |s| < 1 holds). Conversely, for 0 < y < )/i the function c(yi; Vf,d) > 0, and
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y(y; VI, d) < 0 for some range within 0 < y < 1. Then P may or may not become negative
due to its additional positive term. If P remains positive, the situation is as above. If P turns
negative, then for the corresponding range of y s > 0 for wave numbers outside (g_, q+),
close to g+. In both cases s remains real in some vicinity of the roots ¢g..

It must be noted that numerical trials did not yield a physically relevant combination of
parameters yielding P < 0, so a negative sign for P is a hypothetical option. Remember that
condition (36) cannot be satisfied for y < y, and some interval of y slightly above y,. Since
only the satisfaction of all conditions (36), (38) and (39a) entails instability onset, the inability
to satisfy (39a) for some y < ypT is of little importance. The main interval of interest is y
close to unity.

Once proven that there exists a root yf, recall that y(y; V£, d) should actually have had
two roots, both lying inside or outside the interval 0 < y < 1. This analysis cannot trace
the second root because of the transcendentality of both y and c¢. For the same reason the
transition from roots situated within the interval 0 < y < 1 to roots outside it also cannot be
traced.

3.5. Asymptotic analysis

To complete the picture, an asymptotic analysis of the roots for short (¢ >> 1) and long
(g < 1) waves is performed. As explained before, at the latter limit no unstable modes
are expected, and the analysis is performed to confirm that the anomaly does not affect the
fundamental property of Turing instability initiation by waves of finite length.

A slight modification of (28a) is necessary due to the following reason. When
y = 1, Ay, A, are roots of (28a) only at ¢ = 0; however, for 0 < y < 1 these are roots
of order 1 — y for all g, stable and of little interest. Rearranging (28a) and ignoring the terms
(s — A7, j € {1,2} yields

1
dq* - %(d = Dg* (5 = 22" = (5 = 1)) + 5@+ Dg ((s = 2a)” + (s = )")

Vi —V
+(s — )" (s —r)Y =0, :M. (59)
Al — A
First, to explore the roots of (59) for ¢ > 1, expand
o0
s~wig" 1+ ) wiqg” |,
a2 (60)
j=2
w; ~ O(1) vji>1, v; <0, Vi <viVj=2.

Existence of roots whose magnitude decays with ¢, i.e. v; < 0, is easily eliminated. Then the
appropriate power is v; = 2/y and the leading order behaviour is obtained at O (¢*)

w +(d+Dw] +d =0, ©1)
giving
wl =—1 or w! = —d. (62)

Thus at the short wave range no real roots exist. Moreover, for y close to unity (strictly,
2/3 <y <1)Res <0as

3
argw; = T e (n, _n) : (63)
y 2
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To inspect the roots of (59) for ¢ < 1, expand for one of the branches

[o¢]
s~ Mgt w [ 1+) g w; |, vj >0V . (64)
j=2
Since at ¢ = 0 the roots are complex conjugates and A; ~ O(1), in close vicinity of ¢ = 0

they will remain complex conjugates. By comparison of the resulting powers of ¢, vi = 2/y
and at 0 (¢?),

Viii—Vin

1 i
wl =—=d+1)— ~(d—1) : 65)
! 2 2 Vadet VE — 2V
Thus
+ d—1)(Vf, -V
argw; = il (p, @ = arctan ( Y fu fz) ) (66)
(d + D~/4det VI — 2 VE
and
1 +
Res ~ zter+q2/”|w1|cos T+e +o(g*"). (67)

Different values of y will cause Re s to ascend or descend according to the sign of cos( +¢) /y .
When the anomaly exponents are close to unity (1 — y « 1), the cosine is negative and Re s
descends. The trend first changes at

y = 2.2 (68)
3 3m
and then again and so on at
2 2¢

y j=12,.... (69)

= + s
2j+1 Qj+Drm
Itis possible to show that pure imaginary roots of (59) exist only at a long wave bifurcation

point of the parameter manifold. Inserting s = iw, @ € R, the product of the roots g2 is given
by

1 .
g’ = 2(ia) — ) (w — ). (70)

Bearing in mind that both @ and ¢2 should be real, by complex conjugation of both sides
of (70)

w; =Ima;, Rei; =0, je{l,2} (71)
and also
g+ =0, trvf =0, w = +2+/det VT, (72)

which, as expected, coincides with a Hopf bifurcation point for normal diffusion. As at the
point ¢ = 0 there is effectively no diffusion, its type (normal or anomalous) is immaterial.

To describe the range g ~ O (1) another small parameter must be chosen. Let 1 —y < 1
and

oo
s~slyr+ Y (v = Diwy. (73)
J=l

Then
(s = 2))7 ~ (s = A)[1+ (¥ — Dlog(s — 1)) + O((1 — p)H)]. (74)
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Substituting into (59) and collecting terms of order O (1 — y) gives

Y Viin—=Vfh

(1
wi = (25]y=1 + (d + 1)g® — tr Vf) ]{E(d—l)q P—— 2 (L(A) — L(A)

+(sly=1 = ADL(2) + (sly=1 — A2)L(A1) + %(d+ D¢ (L(22) +L()»1))},
(75)
where
L(xj) = (sly=1 — Aj)log(sl,=1 — 4;), J=1L2} (76)

Hence the function w; is analytical at ¢ = 0, and the bell-shaped curve s(g?), known for
normal diffusion, is slightly shifted, yet does not undergo any essential changes. Since for
¥ = 1 the curve possesses a maximum within the range (g2, g2) where s € R, for  —y < 1
the situation should be similar. Differentiating (59) with respect to g2 and seeking an extremum
yields

1
2dqe2xt + E(d + l)qezxt ((Sexl - )LZ)V + (Sext - )Vl)y)

— L = D (o= 72)" = (5o = 1)) = 0. (77)
Using (59) again simplifies (77) to a tractable form

dghy = (Sext — 22)” (sext — M), (78)
whence

Sext = % (tr VE + \/ w2V — 4det VE +4(dgl,)"””). (79)

The root with the plus sign was chosen because, for y = 1, the extremum and the discriminant
are positive. It is possible to rearrange (77) as

Vfii—=Vin 1 1

4—-—d-1)——— - — d+1 — ) =0 80
( ) Al — A2 (X dX)+( +)<X+dX> (80
with

2

G ext
= “ext (81)
X (Sext — A1)

and to solve the quadratics for yx:
. 2 idv/A T (d — 1)Jd=V fV fo1)
d(d—1D(Vfi1=Vfn)—id+DJVA

In order to choose the correct root, note that by definition (81)

A = 4det VE — t?VE > 0. (82)

1 1
2 — 1
Sext — Al = qe){tyx V= 5 4(dq:xl) " A— E\/Z

ext

A
= dl/(ZV)qzx/[V exp <—iarctan W) . (83)
4(dqg - A

Also

4

1

|2 — let = —. (84)
(Sext - )\l)y(sext - )"2))/ d

[x
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Therefore the correct root should be such that arg x > 0. Then

A
arg x = yarctan | —————, (85)
V 4(dgs)"" - A

giving

gk, = L E csc HEX (86)

ext \/E 2 y
and
1
S = (tr Vit + VA cot 28X > . 87)
14

Recalling the monotonic descent of the cotangent,

sext|y=1 > Sexl|y<1s (88)

i.e., the maximal growth rate is smaller in an anomalous system under the stated assumptions.
It is possible to compute the value of y where instability disappears: sex, = 0 at

B arg -0
B arctan(v/A/(—tr Vf))

(89)

4. Discussion

The investigation treated a two species, rotationally invariant sub-diffusive system with an
integro-differential memory operator involving both reaction and diffusion processes. It was
shown that in Laplace—Fourier space the terms are uncoupled similarly to normal diffusion
and anomalous models where anomaly is represented by simple fractional derivatives.

For anomaly exponents close to unity the critical diffusion coefficients’ ratio d is higher
than normal due to more severe conditions imposed on the system parameters. This property
renders the anomalous system always less unstable than normal. The normal bell-shaped
curve of the growth rate versus the wave number is shifted, so that the maximal growth rate is
diminished as the anomaly exponent becomes smaller. Further reduction of y for fixed d will
eventually stabilize the system.

Asymptotic analysis showed that the dispersion relation possesses no real roots at the
limit of short waves (large ¢). At the limit of long waves (small ¢) the growth rate curves
coincide at the stable points A, A, for all y; however, the normally positive slope changes
sign intermittently for separated sets of y .

In general, no pure imaginary roots exist. They are obtained formally at a long wave
(Hopf) bifurcation point, where another stable solution should emerge.

Nonlinear instability theory is of interest for future research, in particular, addressing
the essentially differing mechanisms of ‘aging’ of the reaction products and the properties of
corresponding bifurcation points.
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Appendix. Model with distinct waiting time distributions

The dispersion relation (10) can be obtained via another model where ; are not equal, but
the jumps take place only to neighbour sites. Similarly to the model described in the main
text, a small density perturbation n about a spatially uniform homogeneous state of a system
of reagents evolves in accordance with the gradient Vf of the underlying nonlinear kinetic
function f. Following the ideas in [7], let J; and J| be the loss and gain flux vectors of
particles n (without reaction) in the ith site of a one-dimensional lattice. Then the balance
equation at this site is given by

a
En,- = J?— — Jz_ + Vfn,. (A1)

In an unbiased random walk the gain and loss flux quantities are related to one another via
neighbour sites:

J= 3+ 300 (A2)
Combining (A.2) with (A.1),

3ni = lJi‘_1 + lJ;l —J7 + Vfn,. (A.3)

ot 2 2

Passing from discrete formulation to continuum and generally higher spatial dimensions,

on 2y .
EZVJ +Vfn in Q. (A4)

As before, the domain €2 is the whole space or has a rectangular shape, and an initial condition
n(r, 0) is prescribed. The boundary conditions are taken either periodic or zero flux across
the domain boundary.

The diffusion rate of each species in the system is governed by a waiting time distribution
function, prescribing the probability to find a particle at every given moment ¢ located at r. The
particle either rested there from the beginning of the reaction or migrated there at time ¢’ from
position r’. Take v to be a diagonal matrix of dimension n x n whose non-zero entries v ;;
are the waiting distribution functions of species n;. It is assumed that the chemical reaction
does not alter the ‘age’ of the particles. With the composition governed by linear kinetics (3),
it is possible to express the connection between the loss flux vector at time ¢ and the gain flux
at that site in the past:

J ()= v @) e""n;(0) + / Yt — 1) eV ey dr (A.5)
0

To paraphrase, to leave site i at time ¢ a particle must have been there from the beginning or
moved there ¢ — ¢’ time ago. Using equation (A.1), replacing the discrete site i by continuous
position r and omitting the minus superscript,

Jar,t) = v () eVn(r, 0) + / vt —t')eVie=" (%n(r, t)y — VvEn(, )+ J(r, z/)) dr’.
0

(A.6)
For the particular case n = 1, Vf = —k equation (A.6) was derived in [7].
Upon writing the vectors n and J in a basis v; of the eigenspace of Vf as
n n
J=) Jix.ny;. n=> N0y, (A7)

j=1 j=1
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temporal Laplace transform of (A.6) and consequent simplification via the convolution theorem
and the argument shift (13) yield

n

YT =P =av; =D (s = 2pNjl(s = Ay, (A.8)

Jj=1 j=1

wherein transformed quantities are denoted by tildes. For sub-diffusion of exponent y the
waiting time distribution matrix

V(1) 0
0 Y (1),
is known to have the following expansion in Laplace space:
1 — (718) 0
V(s) ~ +o(s|), (A.9)
0 1 — (1,9)
where 1y, ..., 7, are constant [7]. Then the leading order evolution equation becomes
Zj,(s—,\j)y(:*lv, =Z(s—,\j)/\7jvj (A.10)
j=1 j=1
with
124 0
c-1 & - ’ (A.11)
0 4

in matrix form reading

C'Ws—=AN"V'J=Us - VD (A.12)
or

J=Us—-VEH)77CUs — Vhi. (A.13)

Applying the temporal Laplace transform and spatial Fourier transform (denoted by hat)
to (A.4) gives

(Is — VE+g*(Is — V) C(Is — V)i = ii(q, 0), (A.14)
granting the dispersion relation to be
det(Is — VE+q*(Is — V)7 C(Is — Vf)) = 0. (A.15)

In the context of pattern formation the pertinent homogeneous state is stable in the absence
of diffusion, i.e., waves of small wave number cannot manifest instability. With ¢ = 0 the
dispersion relation reduces to det(/s — Vf) = 0, and its roots are the stable eigenvalues of V{.
Hence the matrix /s — Vf is non-singular and (A.15) becomes

det((Is — VE)” +4¢*C) =0, (A.16)

coinciding with (24). Here the terms of reaction and diffusion processes are uncoupled, a
result difficult to foresee a priori from the model formulation due to the joint memory term.
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