
MATH 2670: Quiz #6 – SOLUTIONS

/5 Problem 1: Use the Laplace transform to solve the following initial-value problem:{
y′′ − 2y′ = δ(t− 2)

y(0) = 0, y′(0) = 1.

Applying the Laplace transform gives

[
s2Y − s · 0− 1

]
− 2
[
sY − 0

]
= e−2s =⇒ Y (s) =

e−2s + 1

s2 − 2s
=
e−2s + 1

s(s− 2)

Expand by partial fractions:
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s(s− 2)
=
A

s
+

B

s− 2
=
A(s− 2) +Bs

s(s− 2)

s = 0 : 1 = −2A =⇒ A = −1
2

s = 2 : 1 = 2B =⇒ B = 1
2

Invert the Laplace transform:

y(t) = L−1
{
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s(s− 2)

}
= L−1
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s(s− 2)

}
+ L−1

{
1

s(s− 2)

}
= u(t− 2)f(t− 2) + f(t)

where
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+
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}
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}
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}
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2
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1
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so that

y(t) = u(t− 2)

[
1

2
e2(t−2) − 1

2

]
+

1

2
e2t − 1
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/5 Problem 2: Find a Fourier series representation of the function f(x) =

{
−1 −π < x < 0

1 0 ≤ x < π.

Extending this to a periodic function with period is 2p = 2π gives p = π. Then the Fourier series is

f(x) =
a0
2

+
∞∑
n=1

an cos

(
nπx

p

)
+ bn sin

(
nπx

p

)

=
a0
2

+
∞∑
n=1

an cos(nx) + bn sin(nx)

where

an =
1

π

∫ π

−π
f(x) cos(nx)︸ ︷︷ ︸
odd function

dx = 0

and

bn =
1

π

∫ π

−π
f(x) sin(nx)︸ ︷︷ ︸
even function

dx =
2

π

∫ π

0
f(x) sin(nx) dx

=
2

π

∫ π

0
sin(nx) dx =

2

π

[
− 1

n
cos(nx)

]π
0

=
2

nπ

1− cos(nπ)︸ ︷︷ ︸
(−1)n


so that

f(x) =

∞∑
n=1

bn sin(nx) =
∞∑
n=1

2

nπ

[
1− (−1)n

]
sin(nx)
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